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Abstract: This paper introduces a conferencing server design based on an innovative configurable
computing architecture to support the information transmission and distributed processing associated
with creating and maintaining simultaneous disjoint conferences among sets of N conferees, where r-
dimensional meshes can be used as the conferencing components. An r-dimensional conferencing mesh
network is strictly nonblocking if, regardless of the existing conferences implemented, a new conference
among any subset of the idle conferees can be implemented using a connected set of idle processing
elements without any disturbance to the existing conferences. Using arguments employing the isoperimet-
ric ratios of the sizes of edge and node sets in a graph, we give necessary and sufficient conditions such
that an r-dimensional conferencing mesh of M nodes provides strictly nonblocking conferencing to N
conferees. We show that a necessary and sufficient condition for r-dimensional meshes to be strictly
nonblocking, when dimension r is fixed, is that M = O(N“"*"V). For general r-dimensional meshes,
M = O(r"~"rN"+1)") nodes are sufficient to support strictly nonblocking capabilities. A fundamental
relationship is established between the requirements on M for strictly nonblocking conferencing among

N conferees using certain graph structures and the isoperimetric ratios for those structures.
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1. INTRODUCTION

In this paper, we study constructions of a novel architec-
turefor a configurable conferencing server which supports
the simultaneous transmission of processed messages
among conference participants, referred to as conferees.
Each conferee uses a generic send/receive device as a
conferencing instrument providing access to/from the
server. Depending on the application, the messages ex-
changed by the conferees can involve audio, video, graph-
ics, data, or essentially any such information type, includ-
ing combinations thereof.
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The configurable conference servers that we will con-
sider consist of two components. a bidirectional N X M
switching network used for routing information to/from
an M node conferencing network comprising processing
elements which perform the actual signal processing of
the information associated with the conference. Figure 1
illustrates the general structure of the configurable confer-
encing servers that we are studying. As shown, a confer-
ence among a specified set of conferees is implemented
on the conferencing network by the processing of infor-
mation exchanged among a set of directly connected pro-
cessing elements, each of which is linked to exactly one
of the send/receive devices associated with the conferees
using the switching network.

We are interested in conferencing applications in
which upon setting up a requested conference among a
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Fig. 1. A general structure of a configurable conferencing server.

group of conferees each conferee will remain in the con-
ference until the entire conference is terminated. This is
a reasonable assumption as often the conference message
streams being exchanged, such asvideo and audio streams
for so-called video-conference application or data and
graphics information for distributed simulation environ-
ments, will demand a specified upper bound on the delays
for acceptable message delivery, together possibly with
certain communication bandwidth requirements. In con-
ferencing application demanding a high quality of service,
these message streams can be quite sensitive to rearrange-
ments and/or transmission disturbances resulting from
reconfigurations of existing conferences. Thus, disrup-
tions of these message streams resulting from additions
or deletions of conferees within an established conference
cannot always be tolerated.

Similarly, to supporting a conference of, say, k confer-
ees, we assume that a connected component of k pro-
cessing elements are alocated which are not involved in
any way with other existing conferences being supported
in the server. Thus, these k processing el ements associated
with the k conference form a connected component of
nodes in the conference component of the server. This
means that the bandwidth of the links connecting pro-
cessing elements as well as the processing power of the
elements allocated are entirely available to supporting a
given conference.

Figure 2 illustrates an implementation of two confer-
ences in this conferencing server architecture. In this sce-
nario, conference #1 comprises three conferees, namely
A, C, and E, supported by the connected component of
processing elements 2, 3, and 4, respectively. Toillustrate

the processing and exchange of information associated
with the conference, the figure shows, for example, that
conferee (user) C provides an input stream, denoted as
‘“C,"” to the allocated processing elements for the confer-
ence and receives the output stream denotedas‘* A + B.”’
Also shown is conference #2 comprising the conferees B,
D, and F being supported by the connected component
of processing elements 6, 7, and 8, respectively. The con-
figurations of the processing elements supporting each of
the shown conferences is in each case a connected series
of three processing elements in this ring network.

In this paper, we will consider r-dimensional confer-
encing meshes as the conference network component of
our server architecture for providing strictly nonblocking
conferencing capability. Clearly, the N X M switching
network component of our architecture must be strictly
nonblocking. However, this can be provided in numerous
ways [ 3], employing, for example, the well-known Can-
tor network construction [5]. Hence, we give this issue
no particular attention in our discussions.

Our main focus will be the strictly nonblocking capa-
bility of the conference network component of our server
which realizes the conferencing applications. An r-di-
mensional conferencing mesh is strictly nonblocking if,
regardless of the existing conferences implemented on
the r-dimensional mesh, a new conference among any
subset of the idle conferees can be implemented using a
connected set of idle processing elements without any
disturbance (rearrangement) to the existing conferences
and without any information being passed-through pro-
cessing elements allocated to other conferences. Using
arguments employing the so-called isoperimetric ratios of
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Fig. 2. Assignment of conferees in a conference network.

the sizes of edge and node setsin an r-dimensional mesh,
we will show that a necessary and sufficient condition
such that an r-dimensiona conferencing mesh of M pro-
cessing elements provides strictly nonblocking conferenc-
ing for a set of N conferees is that M = O(N*D'r)
processing elements, for fixed dimension r. For genera
r-dimensional meshes, M = O(r" " Y"N*1'" nodes are
sufficient to support strictly nonblocking conferencing
among N conferees. Our analyses will be seen to give
further insight into related results relative to the use of r -
dimensional meshes in configurable conferencing server
architectures. Finally, we will consider algorithms for the
alocation of processing elements to satisfy conference
requests in our configurable conferencing server design.

2. PREVIOUS RESEARCH ON
CONFERENCING SERVER ARCHITECTURES

Configurable conferencing server architectures similar to
the general structure being considered in this paper have
been previously explored. Yang and Masson [ 13] consid-
ered the use of asequentia ring of M = O(N) processing
elements for a multicast conference network in which
rearrangements of existing conferencing configurations
are permitted to satisfy a request to provide for the addi-
tion of a new conferee to a conference. Also relative to
the use of a series of processing elements in the shape of
aring as the conferencing network component, the results

of Woodall [12] show that M = O(N?) processing ele-
ment nodes are necessary and sufficient to support strictly
nonblocking conferencing. Hypercube constructions for
the conferencing network component have also been stud-
ied [9, 10] as conferencing networks, and it has been
shown that M = O(Nvlog N) nodes are sufficient for a
hypercube to support a strictly nonblocking conferencing
for N conferees. The study in [11] considers the specia
case of a 2-D mesh design and shows that O(N*?) is
necessary and sufficient for strictly nonblocking confer-
encing.

3. CONDITIONS FOR A STRICTLY
NONBLOCKING r-DIMENSIONAL MESH

In this section, we will determine the necessary and suffi-
cient conditions on the number of processing elements
(nodes) required for a strictly nonblocking conferencing
network. In particular, we are interested in the number,
M, of nodesin an r-dimensional mesh which can support
conferences comprising subsets of N conferees when a
single link between any two nodes has the capacity to
accommodate at most one conference. Our proof will be
based on a general technique that can be used to obtain
upper and lower bounds on M for general conferencing
network structures with certain properties.

We begin by giving the necessary condition on M for
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Fig. 3. Node coordinates in 3-D mesh with 125 nodes with length L = 5.

r-dimensional meshes for a strictly nonblocking confer-
encing capability.

3.1. Necessary Condition on M for a Strictly
Nonblocking r-Dimensional Mesh Serving
N Conferees

Consider an r-dimensional (i.e., an r-D) mesh with M
nodes. Let L be the length of any side of the r-D mesh.
This length is measured in terms of the number of nodes
in a specific dimension of the mesh; it follows that L
= M?"". It should also be noted that, depending on its
location in an r-D mesh, every node has an edge (or link)
degree between r and 2r.

The location of each node v in the r-D mesh can be
specified using a vector listing its coordinates in each
dimension: v = (i, i3, ..., i}, ..., iy), where 1 = ii,
i3, ...,1y = L. Thus, ij indicates the coordinate of node
v inthej dimension. Two nodesv = (i}, i%, ..., i) and
w = (i?,i%,...,i}) are connected by alink inan r-D
mesh if there exists a k, where 1 = k = r, such that
for al j # k we have ij = i and iy = iy + 1 or iy
=iy — 1

An ordering of nodes in the r-D mesh can be deter-
mined as follows: Nodev = (i}, i%,...,i}) issad to be
smaller thanw = (iY, 1%, ..., i}) if there exists k where
1 = k = r, such that for al j < k, ij = i} and
i <iy.

Figure 3illustrates a 3-D mesh network with 125 nodes
with length L = 5. For this case, each node v can be

identified by atriple (i}, iy, i%), wherel =i}, i5,i3 = 5.
For this 3-D case, we can also use the X-, Y- and Z-
coordinates in 3-D Euclidean space in the identification
of nodes. Each node v is labeled as (x,, V,, Z,). As an
example of the node ordering in this 3-D mesh, the small-
est node is labeled (1, 1, 1), the largest node is labeled
as (5, 5, 5), and the center node is labeled (3, 3, 3).

A hyperplane in the r-D mesh consists of a set of
nodes with a coordinate of one dimension having the
same value. For example, all the nodes with coordinates
having the samevaluex (1 = x = L) indimensionj (i.e.,
all nodes such that i; = x) are contained in a hyperplanein
dimension j. We will denote as H;(x) the hyperplane of
nodes each with coordinate x in dimension j. In Figure
3, each of the three shown surfaces with darkened links
are hyperplanes, denoted as Hy(3), Hy(3), and H,(3),
since each corresponds to a set of nodes which all have
the same vaue (namely, 3) as one of its X, Y, or Z
coordinates.

It is obvious that nodes in a hyperplane compose a
connected graph. Thus, in satisfying a conference, as-
signing conferees in a conference to all the nodes in the
same hyperplane is an acceptable node alocation. How-
ever, it should be noted that doing so partitions the re-
maining nodes in the r-D mesh so that the size of future
conferencesislimited. Thisis akey observation to estab-
lishing a necessary condition on M for a strictly non-
blocking capability.

Thus, to obtain a lower bound on the number M of
nodes needed for a strictly nonblocking r-D mesh, we



will consider a specific conference request sequence and
a method to allocate nodes to conferees to satisfy these
requests. In particular, we will refer to a hyperplane allo-
cation of nodesfor satisfying conference requestswherein
the conferees associated with a conference request are
assigned all the nodes in some hyperplanes in the r-D
mesh. When the nodes in some hyperplanes are al as-
signed to a conference, the mesh becomes disconnected
into several digoint connected components. Obviously,
to guarantee a strictly nonblocking capability for future
conferences that might be requested by idle conferees, at
least one of these connected components (namely, the
one with most nodes) must be of sufficient size to support
any remaining conference request.

To support our proof of the main theorem for a lower
bound on M, consider the following lemma which pre-
sents a regular scheme by which a hyperplane can sepa
rate an r-D mesh into several mutualy disoint sub-
meshes, each similar in structure but with a smaller size
relative to the original mesh. It will be useful in this
lemmato denote as B(L) = Uj_; H;(L/2) the total num-
ber of nodesin ther hyperplanes H;(L/2), 1 =j =rin
a r-D mesh of length L in each dimension. The total
number of nodes, B(L), in these hyperplanes will also
be obtained from this lemma.

Lemma 1. An r-D mesh of length L in each dimension
can be separated into exactly p = 2" digoint connected
components by the r hyperplanes H;((L/20 = {(iy, i,
cooydjy e,y =L/2} ,wherel = j = r. Each of these
disjoint connected componentsis a smaller r-D mesh with
length (L — 1)/2 and with ((L — 1)/2)" nodes. Finally,
B(L) =L"— (L — 1)". Moreover, B(L) is increasing
on L.

Proof. A hyperplane H;(L/2) (1 = j = L) separates
the r-D mesh into two parts: In one part, each coordinate
ij < L/2, and in the other part, i; > L/2. It follows then
that a collection of r hyperplanes, namely, H,(L/2),
H,(L/2), ..., H,(L/2), would separate the mesh into
2'-connected components. The coordinates of each of the
nodes in each of these components satisfy a system of
inequalities. i, > (<)L/2,i, > (<)L/2,...,i,>(<)L/
2. It can be observed that each of these components is
also an r-D mesh with length at most C{(L — 1)/200. As
an example, Figure 4 illustrates three hyperplanes used
for partitioning a 3-D mesh. Figure 5 gives more details
of this partitioning. Shown in this figure are the nodes
on these hyperplanes, as well as nodes in the resulting
components separated by these hyperplanes.

We can now count the number of nodes in these hyper-
planes. Note that some of these hyperplanes contain com-
mon nodes. Hence, our counting will be based on an
inclusion and exclusion procedure. Consider hyperplanes
H;(L/2) = {(is, 02, ..., 0, ..., 0y 1 i; = L/2}, where
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1 = j = r. Clearly, the number of nodes in H;(L/2) is
|H;(L/2)| = L""*. The intersection of k hyperplanes
H;,(L/2), H,(L/2), ..., Hi(L/2) is Nioy H;(L/2),
where [N, H; (L/2)] = L™

Sincein this counting procedure we are always consid-
ering hyperplanes where the fixed coordinate isi; = L/
2, where 1 = j = r, we will simply the notation in the
following to more compactly write H; (L/2) = H,,.

By the inclusion—exclusion principle, the total number
of nodes in Uj_; H; is

lUjiss Hil =Y [Hl = 3 [H, UH,| + -+~

=1 iz

+ (-t > INH+ -

Py

+ (_1)r—1<:>l_r—r — Lr _ (L _ 1)r

Since the derivative of B(L) is always positive, it fol-
lows that B(L) increases with L. |

The following lemma is useful for proving Theorem
1 giving a necessary condition on M.

Lemma 2. If a= bceO, for integer n = 0, we have (a
—b)"=a"— na"'h.

Proof. We can provethisby inductiononn. Theclaim
obvioudly holds for n = 0.

Suppose that it holds for n = k, that is, (a — b)* = a*
— ka“'b. Consider n = k + 1. We have

(a—b)** = (a—- b)(a-— b)k

= (a — b)(a* — ka“'b) = a** — (k + 1)a*b

+ ka'b? = a“** — (k + 1)a" P 1p,
that is, the claim holds for n = k + 1. [ ]

Now we can prove the necessary condition on M by
considering the requirement on the number of nodes nec-
essary to support strictly nonblocking conferencing
among N conferees when a sequence of requests for con-
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the start no conferences have been redized on the r-D
mesh, so that all M nodes areidle. Now suppose an initial
conference request is made of size B; = B(L) = L'
— (L — 1)". Since this is the number of nodes in the
hyperplanes H,(L/2), H,(L/2), ..., H,(L/2), we can
alocate all the nodesin these hyperplanesto the conferees
for this requested conference. As discussed above, we
refer to this as a hyperplane allocation of nodes. By the
above lemma, such an alocation of nodes in these hyper-
planes partitions the r-D mesh of M nodes with length
L = MY into 2" disjoint smaller r-D meshes, each with
((L = 1)/2)" nodes. Since we are assuming that the
r-D mesh is strictly nonblocking, all additional confer-
ence requests must be possible to satisfy in a strictly
nonblocking manner.

Let S = ((L — 1)/2)" denote the number of nodes
in each of the smaller meshes resulting from the first
hyperplane allocation used to satisfy the initial request.
Clearly, additional conferencing requests among the re-
maining N — B, idle conferees must now be satisfied
within the 2" digoint r-D meshes, each with ((L — 1)/
2)" nodes. Thus,

S =N-B,
where
S = M/2'
and
B,=B(L)=L"—-(L-1)".

Next, suppose there are p = 2" additional conference
requests, each for a conference of size B, = B[ (L — 1)/
2] conferees. We can satisfy these new conference re-
guests with a second set of p = 2" hyperplane allocations
of nodes, each within one of the 2" digoint r-D meshes
of ((L — 1)/2)" nodes resulting from the first hyperplane
allocation. Thetotal number of nodes used to satisfy these
p = 2" new conference requests is B, = 2"B[(L — 1)/
2], where

B, = pB((L — 1)/2) = pB(L/2)

(- (5-2)) e

Also, note that using a second round of hyperplane
alocations of nodes within each of the p = 2" digoint
r-D meshes resultsin another partitioning of each of these
smaller meshes into 2" still smaller digoint r-D meshes,
each now having ((L — 1)/22)" nodes. Let S, = ((L
— 1)/2?)" denote the number of nodes in each of the till
smaller meshes obtained by the second round of hyper-
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plane alocations used to satisfy the second set of p = 2'
conference requests. Clearly, because the overal r-D
mesh is assumed to be strictly nonblocking, additional
conferencing requests among the remaining N — B; — B,
idle conferees must now be satisfied within the till
smaller 2" diioint r-D meshes, each with ((L — 1)/2?)"
nodes. Thus,

S =N-B; - By,
where

1_m
2r - (22)r'

S M
52—2, 2'

=

If we repeat the above conference reguest and hyper-
plane allocation process k times for incoming conference
requests of appropriate sizes, we would then have p* = 2
disconnected submeshes each with S, nodes, where B, is
the number of conferees assigned nodes in the k-th step
(which is the same number of nodes in the hyperplanes
used in the conference assignment in this step). Also,
since the overall r-D mesh is strictly nonblocking,

S=F=N-B'-B’- --- —B*=N- Y B,

i=1
where

M

S‘ = (2k)r

B = p*'B(L/2Y) = (2")1((L/2" 1)
_ (L/Zkfl _ 1)r) — Lr _ (L _ 2k71)r

B=L —(L-2"Y, 1=i=k

Thus, for al k we need

k
- = N _ z 2i71rM(r71)”
(29 3

=N—£Lf—(L—2H)r
=N - (kL' - % (L2719

i=1
or

M

W + (kLr - ié (L - 2i71)r) = N.
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Consider
M k
f(k) = o + (kL' — (L — 271N,
(2% Zl
M K .
F(K) = —— + KL — 3 (L¥— rL" 12171
(29 =
M M
= +rLmY (2" —- 1) = —
@y T E D=y
+ rL 2k = l\f + rmtr bk
(29"
Ml/r
= MO (2 4 r2K) = g(k).
((2k)f r ) 9(k)

In the above, inequality (a — b)" = a" — na" b is used
as it holds for any positive integer n when a = b = 0,
by Lemma 2.

g(k) achieves its minimum when M*" = (2%)"**, or
2k — Ml/[r(r+1)], that iS,

Ml/r

min g(k) = M“‘””(m

+ er/[r(r+l)]>

= (r + 1)M70D,

However, since for each k we must have g(k) = f(k)
= N, we have

(r + M) = N

(r+1)/r (r+21)/r
=) o))
r+1 r

Before considering sufficient conditions for r-dimen-
sional meshes, we can consider the necessary condition
for the case of an r-dimensional torus. An r-D torus is
similar to an r-D mesh, except that every node now has
an identical degree of 2r, since the special situation of a
““border’’ has been eliminated in the r-D torus. Thus, the
r -D torus has more connectivity than that of a correspond-
ing r-D mesh.

It is not difficult to see that our above arguments can
be extended to this case. Besides the r hyperplanes re-
quired to separate the r-D mesh in Lemma 1, another r
hyperplanes (x; = 1, X, = 1, ..., X = 1) would be
needed to partition the torus into 2" submeshes. Thus, for
the first step, we need twice as many as nodes to separate
the torus into smaller meshes. After doing so, all the other
arguments remain the same. Thus, essentiadly, the same

or

reasoning as in the proof of Theorem 1 can be used to
obtain the following theorem:

Theorem 2. M = Q((N/r)"*1'") nodes are necessary
for an r-D torus to support nonblocking conferencing for
N conferees.

3.2. Sufficient Conditions on M for a Strictly
Nonblocking r-Dimensional Mesh Serving
N Conferees

In this section, we determine the number of nodes, M,
for an r-D mesh sufficient to support strictly nonblocking
N-node conferencing. To do this, we first determine the
minimum number of boundary edges (or links) of a con-
nected component of nodes of a specified size which can
separate that component from al others. In general, con-
sider component C of graph G(V, E). C is a subset of
nodes in the graph, that is, C C V. The edge boundary
BE(C) of CisBE(C) = {(v, w) : (v, w) € E(G), v
€ C,w & C}, and each edge e € BE(C) is called
edge boundary for component C. The node boundary
BN(C) isBN(C) = {w: (v,w) € E,ve C,w ¢ C,
w € V}, and each nodev € BN(C) is called a boundary
node for component C.

For a graph, a lower bound can be determined for the
ratio of the number of boundary edges (nodes) versus
the number of nodes in the component. The edge (node)
isoperimetric ratio [4] N\e(C) (N, (C)) of a component C
of certain sizek is

_|BE(C)]
A(C) = |T\I:nk |C|

. |BN(C)|
ME) = min g

For some graphs, this ratio is known to be lower-
bounded by a constant which does not depend on the
component size k. For example, expanders and supercon-
centrators are of such classes of graphs[1, 2]. However,
for other graphs, the isoperimetric ratio depends on the
component size k. This property is particularly useful to
us, as given a component set of nodes of certain size, we
can determine as a lower bound the number of edges
necessary to separate the component from other nodes of
the graph. In other words, if afixed upper bound is known
on the number of edges that can be used to separate a
component, the size of the component cannot be arbi-
trarily small, in the sense that this component size thus
has alower bound depending on the number of boundary
edges used. This observation is the basis of our proof of
the theorem to obtain an upper bound on M for the strictly
nonblocking r-D mesh.
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Fig. 6. Isoperimetric number: 2-D mesh.

As an example of the edge isoperimetric ratio for
meshes, consider the simple case of a 2-D mesh. It can
be shown that the edge isoperimetric ratio for component
C in a 2-D mesh is \(C) = 2/|C|*?, that is, for a
component C of size |C|, any edge boundary set BE
separating C from other components must satisfy the fol-
lowing inequality: | BE|/|C| = \(C) = 2/|C|*?, where
equality holds when the component is a 2-D sguare. A
rather simple (and intuitive) argument for this bound is
that, when component C is a rectangle with sides of size
aand b, at least a + b edges are needed to separate two
sides from other components. This is necessary since the
rectangle will have at least two sides adjacent to other
components if it is located on a border. Thus, | BE| = a
+ b. We aso have |C| = ab for arectangle, so | BE|/
IC| = (a + b)/(ab) = (2/ab)/(ab) = 2/(Jab)
= 2/J|C[, where the equality holds when a = b, that is,
when C is a square.

When C is not a rectangle, let R denote the rectangle
with the smallest number of nodes such that C is enclosed
by Rin the sense that al nodesin C are contained within
the rectangle R. Suppose that R has sides of size a and
b. Again, at least a + b edges are needed to separate C
from other components, while now the component size
of Cisnot larger than that of the enclosing rectangle R.
In this case, |BE| = a + b and |C| = ab. So, BE
= 2Jab = 2/|C| . Thus, | BE|/|C| = 2/Y|C] .

Figure 6 illustrates two configurations for the 2-D
mesh. Both these configurations contain a component C
of size 9. The (a) configuration uses | BE| = 7 edges to
separate it from other components, while the (b) configu-
ration uses only | BE| = 6 edges, the smallest possible
number since the component is a 3 X 3 sguare. In both
cases, the ratio of |BE| and |C| is no less than
2/{|C| = 2//9 = 2, as determined above.

From the above discussions, it is thus interesting to
extend the edge boundary result for a 2-D mesh to more
general cases such as r-D meshes. For a higher-dimen-

sional mesh, it is known that the isoperimetric ratio de-
pends on the component size. The following theorem by
Bollobas and Leader [4] presents a key relationship be-
tween the size of a component and the size of its edge
boundary.

Theorem 3 [Bollobas and Leader, 1991]. Let A be a
subset of connected nodes in an r-D mesh [L]" with A
=L"/2. Then,
|BE(A)| = min{|A|* V&L k=1,2...,r}.
We can derive the isoperimetric ratio from this theo-
rem. Consider an r-D mesh with a fixed dimension, that
is, r is a constant. We have the following theorem on
isoperimetric ratio of any component A with size no big-
ger than certain constant fraction of themesh sizeL" = M
when N is sufficiently large, that is, when M/| A| = €'
for big N.

Theorem 4. Given connected componentsinan r-D mesh
with size M, consider component C; of size | C; | such that
M/|C;| = €'. The edge boundary BE; used to separate C,
f rom other components has size |BE;| satisfying the
following inequality:

| BE | r
5L () = .
o =~ M) =g

Proof. From Theorem 3, for an r-D mesh with size
M and length L = M*", we have

|BE | = min{|C|*Y&kL™ 1 k=12 ...,r}.

Thus,
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Consider f(k) = kd" . Its derivative f ' (x) = d*q1
—(Ind)/K]. Fork =1,2,...,r,if Ok, 1 — (Ind)/k
=0, thatis, 1 — (Ind)/r = 0, or d = €', then function
kd'* reaches a minimum at k = r.

Thus, for C; with M/|C;| = €", we have

: r 1/r
B (L)
|Ci ICl/) L G|

Now we consider the sufficient condition on M for an
r-D mesh. The basic idea to obtain the upper bound is to
establish a lower bound on the maximum-size idle node
component (the one with the largest size) such that we
can always find a component to allocate to the remaining
conferees. Since at most N nodes are allocated to confer-
ees, we only need to consider the case where all compo-
nents have size less than N. This fact allows the use of
the above theorem to determine the maximum component
size, since, for any |C; |, we have that M/|C;| = M/N.

Theorem 5. An r-D mesh with M = O(N“ ") nodes
can support strictly nonblocking conferences for N con-
ferees, where dimension r is fixed.

Proof. The basic idea used to find the upper bound is
to consider any configuration where a certain number of
conferees (lessthan N, of course) are allocated arbitrarily
to nodes. We want to establish alower bound on the size
of the maximum-connected idle component among all
those separated by the allocated conferee nodes. If the
size of this maximum component is sufficiently large as
indicated by its lower bound for any number of allocated
nodes, we can guarantee the existence of a component to
alocate to any future conference request, thus providing
a strictly nonblocking conferencing capability.

Consider an r-D mesh with M nodes which is to sup-
port strictly nonblocking conferencing applications. De-
note X as the set of nodes already allocated to conferees,
and denote C as the set of components of idle nodes,
which will be referred to as idle components. Without
loss of generality, suppose that C consists of k (k = 1)-
connected components, separated by nodes in X. So, C
={C,,C,,...,C}.Sincethese componentsaredigoint,
we have |U G| = 2 |C/|. We dso have M = | X]|
+ |UC| = |X| + £ |C;i|. Note that all nodes in UC;
are idle (unallocated nodes), and each node v in X falls
into one of two categories:

¢ A nonboundary allocated node: Node v is connected
only to nodes in X itself.

e A boundary allocated node: Node v is connected to
some idle nodes.

Each connected idle component is separated from other
idle components by a set of boundary edges. Denote such

an edge boundary set as BE; for component C; if it is
composed of edges with one end in X and the other end
in C;. The edge boundary BE; separates C; from other
components.

Figure 7 illustrates a conferencing configuration within
a9 x 9 two-D mesh. Nodes are numbered from (1, 1)
to (9, 9). Here, boundary nodes are drawn as solid disks,
while idle nodes are shown as empty disks. Nonboundary
conferee nodes are drawn as solid disks with an outside
circle. Boundary edges are drawn as heavy lines. In this
configuration, we have two conferences shown estab-
lished. The node set Conf; representing conference 1 has
14 conferees, where 13 of these are boundary nodes and
1 node ((5, 3)) is a nonboundary node. The node set
representing conference 2 (Conf,) has six nodes, and all
are boundary nodes. We list the nodes in Conf, as Conf,
={(3,6),(4,6),(4,7),(57), (4,8), (4,9)}. Here,
the set X of assigned nodes is X = Conf; U Confs.

There are five idle components, namely, C,, C,, Cs,
C4, and Cs. Components C; and C, are separated by
boundary edges connected to boundary nodes in Conf; .
Theidle components C; and C, are separated by boundary
edges connected to Conf,. Component Cs, however, is
separated from other components by boundary edges con-
nected to Conf; and Conf,. We see that Cs = {(3, 4),
(4, 4)}, and the edge boundary set for Cs is BEs = { ((2,
4) © (3, 4)),((4,4) < (5 4)),((3,3) < (3,4)), (4
3) < (4,4)),((3,4) < (3,5)),((4,4) < (4,5))}.The
first four edges listed in BEs are related to boundary nodes
in Conf;, and the last two edges are related to boundary
nodes in Conf,.

Since each boundary node must be an alocated node,
we have UK ; B, ¢ X. Eachv € UK ; B, can be incident
to a most 2r boundary edges, while a boundary edge is
always connected to a boundary node. Thus, we have

Ui B = [X]

and

|BE | = 2r|Ui, Bi|.

IM =

Thus,
X =+ 3 |BE| (1)
2r &
and the number of idle nodes M — | X| in the mesh is
k
M—|X|=Zl|Ci|- (2)

For each component C;, consider its edge boundary
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‘ Boundary conferce node
(conference 1)

@ Non-bounary conferee node
(conference 1)

0 {Boundary) conferee node
(conference 2)

O Idie node

m—— Boundary edge
(conference 1)

e, BOUNdary edge
{conference 2)

Fig. 7. Nodes separation in 2-D mesh.

set BE; . For a strictly nonblocking r-D mesh with size
M, we know from the previous subsectionthat M = Q[ (1/
r)NC*D1] If there exists C; such that |C;| = N, then
we have a component with sufficient size to realize any
conference of no more than N conferees. Obviously, the
mesh can support any feasible request in this case. Hence,
we only need to consider the case when |C;| = N. In
this case, we have M/|C;| = (N/(r + 1))"*DM)/N
=NY"/(r + 1)V When N is sufficiently large [N
= Gy, Where ¢ = ((r + 1)"*V""e"" is a constant],
NY/(r + 1)"*D'" = e, so M/|C;| = €'. By Theorem
4, for such C;, we have

BE; | _ T
c CIc
or
| BEi | r
= , 3
G = 1Cml™ (3)

where Crox = G and |G| = max, |Ci|.

Note that, in generdl, for a, b,c,d,e> 0,ifa/lb=¢e
and c/d = e, then (a + ¢)/(b + d) = e. Thus, by Eqgs.
(1) —-(3), we have

l k k
— B B
x|z 2B, 2 1B
— =k = 5, k
M=IXI sicl 75 ic
i=1 i=1
>i r B 1
= or |Cmax|1/r - 2|me|1/r’
where
M — | XY
Coad| = —=—0—| - 4
Corad ( — ) (@)

For every configuration, if the remaining largest idle
component C,.. islarge enough to support any conference
among the remaining idle nodes, the mesh is strictly non-
blocking, that is, we need to guarantee that

|Crax] = N — | X]|, O/ X| = N. (5)

The reason why condition (5) guarantees a strictly
nonblocking mesh isasfollows: For any set X, of assigned
conferees, regardless of the groupings in which they ar-
rived and the allocation of nodes to these groups of con-
ferences, if inequality (5) holds for al X, the remaining
largest idle component would always be of sufficient size
such that any next conference request (with at most N
— | Xs| conferees) can be satisfied. Once X conferees
have been assigned to nodes, there are two possibilities
for the next event: namely, either a new conference re-
guest would arrive or an existing conference would de-
part. Consider the first case when the next event is a
conference request of size | X;|. If inequality (5) holds,
we can aways find an idle component to allocate to the
conferees in this request. Any such assignment, however,
generates a new configuration where | X’| nodes have
been allocated, where X' is the union of X, and X, X'’
= X, U Xs. The second case is when an existing confer-
ence of size | X;| would depart. Here, the alocated node
set X” resulting from the conference departure becomes
smaller as the alocated nodes of X, are released. Thus,
X" = Xs — X;. In both cases, a new assigned node set X
(either X’ for first case or X” for second case) is obtained.
Since inequality (5) holds for all possible X, in this new
configuration, a component with a size large enough to
realize any next request is guaranteed to exist. Thus, re-
gardless of the current configuration, we can guarantee the
existence of idle components to allocate to conferences.

The above condition (5) is satisfied when the following
holds:
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(M= XY
mln<#> =N - |X],

and from inequality (4), it is sufficient that

M= IXDY L

The above inequality (6) holds when the following is
satisfied:

min (X)) = N, (IX]) = (“;;"“) LI,

The derivative f ' (x) of function f(x) isf’(x) =1
— [(M = N)/2]"(r/x"*1), so f(| X|) reaches its mini-
mum when | X|"** = r[(M — N)/2]", or | X| = (r[(M
_ N)/z]r)ll(r+l), and

e
()
-

1/(r+1) . )<M _ N)rl(r+1)
r/(r+1) 2 :

min f(X) =

Thus, we need

=N

r/(r+1)
(rl/(r+1) + rr/(r+1))<M — N>

2

N (r+21)/r
M= 2<<rll(r+l) + rrI(r+l)> > +N

1 (r+1)/r
_ (r+21)/r
- 2<<rr/(r+1) + r—[(rZ/(r+1)]> N ) +N.

Note that for r > 1 we have

1 (r+1)/r 1 r+1/r . 1
PV L (D) = REVICEEY) T

Thus, it suffices that

1
= 2( T NOTDI 4 N) = O<W N N) :

Since r is constant, N = o(N("*Y'") 'so
M = O(N(r+l)/r). m

Note that the above theorem just gives an asymptotic
upper bound for the size of r-D mesh to support strictly
nonblocking conferencing. For a given number N of con-
ferees, we can solve inequality (6) for all X where 1
= | X| = N. This can be accomplished by checking
whether an M value satisfies the system of inequalities,
and the smallest such M would suffice to guarantee a
strictly nonblocking mesh.

Thus, when the mesh dimension r is a fixed integer,
we know from Theorem 1 that the necessary condition is
Q(((N/r)r+ry = Q(NC+D'M) | Together with Theorem
5, we have the following result:

Theorem 6. For an r-D mesh with a fixed dimension r,
M = O(N*Y") nodes are necessary and sufficient to
support a strictly nonblocking conference application for
N conferees.

3.3. Variable Mesh Dimensionality

The above discussions considered conditions for an r-D
mesh using the assumption that the dimensionality r isa
fixed constant. We will now consider the implications of
loosening this assumption such that r can be varied, that
is, it will only required that L™ = M is satisfied for r-D
mesh with M nodes and length L.

For this case, we have the following theorem on the
edge isoperimetric ratio for r-D mesh with an arbitrary r
value. Note that this lower bound is smaller compared to
the case when r is a fixed constant:

Theorem 7. For any connected component C; in an r-
D mesh with size M, the edge boundary BE; used to
separate C, f rom others has size | BE;| satisfying the
following inequality:

EIES

Proof. From Theorem 3, for an r-D mesh with M
nodes and length L = M*'", we have

|BE /| = min{|C|*Y%kL"™™ 1 k=12 ...,r},



and

BEi H Ci 1/r
— = mink|C | YkL(/0-2 | |1/
“ I

1

min k| Ci |(k7r)/rkL(rfk)/k

|Ci |l/r

L' (r—k)/rk 1
= min k T~
|Ci | |Ci |

SinceM = |C/|,wehavel'/|C| = 1. Fork =1, 2,
...,r,wehaver = k=1, or (r — k)/(rk) = 0; thus,

r (r—k)/rk
k L = 1
IGil

Finally,

Lr (r—k)/rk 1 1
min k = .
(IQI) ICIY G

Hence, we have the desired result. [ |

Using a very similar argument as in Theorem 5,
we can prove the following more general result for an
r-D mesh. Here, no constraint is placed on the dimension-
aity r:

Theorem 8. An r-D mesh with M = O(r("~D/rN+1/)
nodes can support a strictly nonblocking conference for
N conferees.

Proof. The proof is similar to the fixed r case. We use
the isoperimetric ratio for the genera high-dimensional
mesh determined by Theorem 7.

For general r, inequality (3) in the proof of Theorem
5 becomes

| BE | 1
b= .
1G] | Coa ™"

(7)

Similar to inequality (4), for genera r, we have the
following bound for the size of the largest idle compo-
nent:
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M — | X[
o = (ML)

2r| X| (&)

It suffices to have

M= IXDY L

The above is satisfied if

min (X)) = N, 1(1X]) = (“2"”‘)('“‘) F1xl.

f (| X|) reaches minimum when

_ r\ 1/(r+1)
= ( ()
2r

and

) 1 M—N r/(r+1)
m)!nf(|xl) = (rl/(r+l) + r.r/(r+1)>< 2r ) )

We need

= N.

_ r/(r+1)
(rl/(r+1) 4 r[r/(r+1)])< M N
2r

Thus, it suffices that

Mzzr(rT]'/rN(r+l)/r> _'_N:O(r(rfl)er(rJrl)/r)_ [ ]

Note that this upper bound can be tighter than the
bound for the fixed dimensionality case if an appropriate
r value is selected. Thus, Theorem 5 can be viewed as a
specia case of this more general theorem.

We are interested in a nonblocking r-D mesh which
uses the fewest number of nodes to support N conferees.
We get the following bound when using higher-dimen-
sional meshes:

Corollary 1. There exists r-D meshes for N conferees
which use as few asM = O(N log N) nodes. This bound
is reached when the mesh dimension r is ®(log N).

Proof. By the above theorem, an r-D mesh for N con-
ferees is strictly nonblocking if it has O(r N *%'" nodes
for variable r values.

Let f(r) = rNU*'" |ts derivative f ' (r) is
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f/(r) — rN(r+1)/r + r.N(r+1)/r|n N(- i)

2

=

_ rN(r+1)/r 1— InN .
r
Thus, f(r) reaches its minimum when (InN)/r = 1 orr
=1InN:

min f(r) = NN R N = O(N log N).

In fact, whenr = clog N = ©(log N), where c is any
constant, we have

f(r) — (C |Og N)ZN(cIogN+1)/(cIogN) — O(N |Og N) .

In the following, we consider the sufficient conditions
for the nonblocking r-D torus.

3.4. Results for the r-Dimensional Torus

Now consider the case for r-D torus. The torus and the
mesh have very similar structures, while the torus has
slightly more edges. Bollobas and Leader [4] provided
the following result for the r-dimensional torus:

Lemma 3 [Bollobas and Leader, 1991]. Let A be a
subset of nodes of an r-D torus [L]" with A = L'/2.
Then,

|BE(A)| = min{ 2| A|* Y kL™ k=1,2,...,r}.

Note that only a constant factor of 2 is added for the
lower bound when compared to the bound for the mesh.
A similar edge isoperimetric ratio result for the r-D torus
is as follows:

Lemma 4. For connected components in an r-D torus
with size M, consider component C; of size | C; | such that
M/|C;| = e". The edge boundary BE; used to separate
Ci f rom others has size | BE; |, satisfying the following
inequality:

|BEi| 2r
— = N\(C) = .
o = MG =g

In general, for any component C;, the following in-
equality is satisfied:

BE,| 2
P51 () = .
o = Me) =g

Using similar reasoning to that in the proof of Theorem
5, we have the following theorem:

Theorem 9. An r-D torus with M = O(N“*'") nodes
can support strictly nonblocking conferencing for N con-
ferees, when dimension r is fixed. For variable dimension
r, M = O(r""YV"NU*D'"y nodes are sufficient for a
strictly nonblocking r-D torus conference network for N
conferees.

When combined with Theorem 2, we have

Theorem 10. For an r-D torus with a fixed dimension
r, M = O(N+'") nodes are necessary and sufficient to
support a strictly nonblocking conference network.

4, ALGORITHM TO ALLOCATE NODES
TO CONFERENCES

In this section, we consider an agorithm for allocating
nodes to conference requests for strictly nonblocking
r-D meshes.

For any existing configuration, a strictly nonblocking
mesh guarantees the existence of a component with suffi-
cient size to redize any valid request, that is, the idle
component with the maximum size can aways be used
to accommodate the conference request. A conferee as-
signment algorithm for allocation of nodes to the confer-
eeswould use thelargest component to realize the request.
Before doing that, however, we need to determine the
current set of idle components and identify the largest
component.

Finding connected components in a graph with nodes
N and edges E can be accomplished using a variation of
depth-first-search techniques. Such an algorithm, called
the conference assignment algorithm, is depicted in Fig-
ure 8 as follows:

This algorithm would consider each edge at most once
since each of its end nodes would check the other end
node, and this checking is performed at most once. For
the first step to determine the components, the running
time is O(V + E). To dlocate the nodes in the largest
component to the requested conference, we aso could
use the same depth-first search procedure. The only differ-
ence is that the procedure will stop when k nodes are
found. As a result, the algorithm runsin time O(V + E)
for each on-line conference request.

Consider an r-D mesh for N-conferees, when di-
mension r is fixed. There are V = O(N“*Y'") nodes
and E = O(NU"*Y'") edges. Thus, the running time
for this case is O(N"*V'"), If r is a variable, V
= O(rN"*P'"y and E = O(r2NU*'"). Thus, the running
time is O(r2NC+1m),

The time needed for obtaining the current idle compo-
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Conference Assignment Algorithm

1. For each non-allocated node v in G
1.1 If v is marked, continue;

in the same idle component.

Input: Graph G = (V, E), conference request from k conferees;

1.2 If v is not marked, we perform a depth-first-search starting from v to find the component containing v.
All nodes found in the same component are marked with the component number. A node is in the component
when it is not assigned or marked, and there is a feasible (unused) edge reaching it from a previously reached node

2. Allocate k nodes in the largest component to the request;

Fig. 8. Conference assignment algorithim.

nents would be reduced if we update information regard-
ing these components after each on-line request assign-
ment. For example, for a requested allocation, either the
largest component exactly accommodating the request
(i.e., al nodes are used) or a subset of the nodes in the
component are used. In each case, the other remaining
components are not affected. So, we only need to deter-
mine the smaller components within the largest compo-
nent resulting from the node allocation. When a confer-
ence departs, we can check the neighboring components
of the released nodes and merge them. However, these
improvementsin the algorithm running time do not reduce
the asymptotic bound for the algorithm, sincein the worst
case, the edges that need to be checked could be as many
as dl the edges in the graph. Also, most importantly, the
time needed for node allocation could take O(V + E) if
a search algorithm is used to find a tree of size k.

To improve on the running time needed for on-line
requests, we can take advantage of some particular con-
structions of meshes, which could use more nodes than
the smallest number of nodes possible. Consider an exam-
plefor a2-D mesh. We can use the following construction
which requires 5N*2 nodes: In this construction, a total
5N submeshes, each of size N*'?, are used. The first N of
such submeshes are used for a request size no larger than
N*2 asno morethan N requests are present at any instant,
and the remaining 4N submeshes are used for realizing
requests larger than N*2. Note that in this latter case
any request with size ki > N2 is redlized by [k /N*20
submeshes. The total number of such submeshes needed
is> [k /NY?0= 2NY2; thus, (2N*?)? = 4N submeshes
suffice to realize conferences in any grouping for these
2N*2 submeshes.

Since the upper bound on the number of nodes for a
strictly nonblocking capability for a2-D mesh is approxi-
mately 2N*2, this construction does not use the smallest
number of nodes possible. However, using more nodes
has allowed us to utilize a more efficient algorithm, since
we have a predetermined way to assign submeshes to
requests based on their sizes. Thus, we only need to main-
tain the current ‘‘status’ for each submesh, instead of

maintaining information regarding al components which
could involve searching through the entire mesh. There
are 5N = O(N) such small submeshes. Thus, we effec-
tively reduce the information storage requirement. Also,
we can find afeasible submesh using O(N) time, whichis
an improvement over the O(N*'?) time for the algorithm
described in Figure 8.

5. CONCLUSION

In this paper, we considered r-dimensional conferencing
meshes as a configurable conference server component.
Using an argument employing the isoperimetric ratio of
the sizes of edge and node sets in a graph, we showed
that a necessary and sufficient condition such that an r-
dimensional conferencing mesh of M processing elements
can provide astrictly nonblocking conferencing capability
among a set of N conferees is that M = Q(N" ") pro-
cessing elements, when r is fixed. We also give a general
bound of M = O(r" " V/'NC*D"y for a strictly non-
blocking r -dimensional mesh for N conferees for variable
r values.

We considered algorithms for allocating processing el-
ements to satisfy conference requests in our configurable
conferencing server design and anayzed their running
times. We also gave examples of explicit mesh construc-
tions to alow more efficient algorithms for satisfying on-
line conference requests.

It isimportant to note that our approach to establishing
the sufficient conditions on M for strictly nonblocking
r-D meshes can be extended to general graph structures,
such as, for example, expanders and lattices, or, indeed,
to any graphs for which the isoperimetric ratios can be
determined [ 7] . Hence, we have established a fundamen-
tal relationship between the size requirements on M for
strictly nonblocking conferencing among N conferees us-
ing certain graph structures and the isoperimetric ratios
for those structures.

Conference network modelsin which acommunication
link can support more than one conference at the same
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time are of particular interest also. Called Multicapacity
Conference Networks, this class of conference networks
possess many attractive properties [ 6]. Further research
on these networks would shed insight on the resource
requirement for satisfying conference requests [ 8].

One of author’s research (G.M.M.) was partially supported
by Compunetix Inc., Monroeville, PA [14], and the other au-
thor's research (Y.D.) was partially supported by DARPA.
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