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Abstract—The exploitation of spectrum opportunities in the
dimension of height will bring another transmission degree of
freedom for wireless networks. Besides, the modern wireless
networks are deployed in the three dimensional (3D) space, which
need cognitive radio technologies to enhance their performances.
With these motivations, the capacity of 3D cognitive radio
networks (CRNs) is addressed in this paper. Since there is one
additional dimension of interference in 3D CRNs, the network
protocols need to be designed to coordinate the interference and
guarantee the connectivity of CRNs. Then the link capacity and
routing density of 3D CRNs are investigated. Finally, we have
derived the per-node capacity of primary network and secondary
network respectively. We have verified that the path loss factor
α has an impact on the capacity of 3D CRNs, namely, α = 3 is
a watershed of capacity scaling laws. Besides, when α > 2.5,
the capacity of 3D CRNs is higher than 2D CRNs with the
same amount of nodes asymptotically. Therefore our results may
provide an insight into the design of 3D cognitive radio networks.

Index Terms—3D Cognitive Radio Networks; Capacity Scaling
Laws; Height Dimension

I. INTRODUCTION

Nowadays, the capacity demand and great heterogeneity of

wireless networks require the flexible and comprehensive use

of spectrum. Thus cognitive radio (CR) is proposed as one

of the most promising technologies for efficient spectrum uti-

lization by exploiting spectrum holes [1]. In [2], the spectrum

holes in the dimensions of frequency, time, geographical space,

code, angle etc. have been extensively investigated. However,

the spectrum holes in the dimension of height are rarely

studied. Since the exploitation of the dimension of height can

bring another transmission degree of freedom, which forms

three dimensional (3D) cognitive radio networks (CRNs), the

capacity of CRNs can be further improved.

Meanwhile, with the innovations such as unmanned aerial

vehicle (e.g., quadcopter drone), Google loon and aeronautical

telecommunication, etc., the wireless networks will be widely

deployed in a 3D space in the near future. Besides, in modern

battlefields, 3D wireless networks need to be deployed to

connect various military units together, like aircrafts, troops,

and fleets [3]. Notice that in 3D wireless networks, cognitive

radio technologies can also be introduced to enhance the

network performance. Thus with these motivations, we study

the capacity of 3D CRNs in this paper.

The capacity of large scale wireless networks has been

widely explored since the seminal work of Gupta and Kumar

[4]. With n ad hoc nodes randomly distributed in a two

dimensional (2D) unit area, they showed that the per-node

capacity is Θ( 1√
n logn

). They further studied the transport

capacity of 3D arbitrary and random ad hoc networks in [5].

Hu et al. in [6] explored the capacity of 3D networks via

percolation. Li et al. in [3] and Bai et al. in [7] investigated

the capacity of 3D inhomogeneous ad hoc by employing a

generalized physical model. As to the capacity of CRNs, Jeon

et al. in [8] showed that in a heterogeneous environment with

n secondary users and m primary users (PUs), the secondary

network can achieve per-node throughput of Θ( 1√
n logn

). They

further extended their work to a general coding model without

any specific physical layer coding assumptions in [9]. Yin et
al. in [10] achieved the same results with [8] using a more

practical assumption that secondary users (SUs) only know the

locations of primary transmitter. Wang et al. in [11] studied

the capacity scaling laws of cognitive ad hoc networks over

general primary network models, where primary network is

a hybrid network consisting of an ad hoc network and a

base station-based network. And they addressed the multicast

capacity scaling laws of cognitive radio networks in [12].

However, as far as we know, there are no literatures addressing

the capacity scaling laws of 3D CRNs.
In this paper, the achievable capacity of 3D CRNs is

analyzed. In 3D wireless networks, since the distribution

of interference sources has one additional dimension, the

interference in 3D wireless networks is more severe than that

in 2D wireless networks. Therefore interference coordination

needs to be considered in the network protocols. We have

verified that with appropriate design of network protocols, the

secondary network can achieve the same capacity scaling laws

as a standalone network. Besides, the path loss factor α has

an impact on the capacity scaling laws of 3D CRNs, namely,

α = 3 is a watershed of capacity scaling laws. Moreover, when

α ≤ 2.5, the capacity of 3D CRNs is not superior to 2D CRNs

with the same amount of nodes. However, when α > 2.5, the

capacity of 3D CRNs is higher than 2D CRNs asymptotically.
The rest of this paper is organized as follows. In Section II,

the system model is presented. The network protocols of PUs

and SUs are designed in Section III. In Section IV, the capacity
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Fig. 1. The three dimensional deployment of cognitive radio networks.

scaling laws of primary network and secondary network are

derived. And we summarize this paper in Section V.

II. SYSTEM MODEL

As illustrated in Fig. 1, m PUs and n SUs are uniformly

distributed in an unit cube, which share the same space and

spectrum. The PUs act as if the SUs do not exist while the

SUs must mitigate the interference to PUs. We assume that

n = mβ , where β > 0. Each node has a destination, which

is randomly chosen as follows. For node X , a position is

uniformly picked within the unit cube, then the node nearest to

it is chosen as node X’s destination. The channel power gain

is g(r) = 1
rα , where r is the distance between transmitter (TX)

and receiver (RX), and α > 2 is the path loss factor.

The capacity of the ith primary TX-RX pair is

Rp(i) = log

(
1 +

Pp(i)g (‖Xp,tx(i)−Xp,rx(i)‖)
N0 + Ip(i) + Isp(i)

)
(1)

where Pp(i) is the transmit power of the ith primary TX,

Xp,tx(i) and Xp,rx(i) are the positions of the ith primary

TX and RX, respectively. Ip(i) is the aggregate interference

received by the ith primary RX from the primary network,

while Isp(i) is the aggregate interference from the secondary

network to the ith primary RX. N0 is the power spectral

density of the additive white Gaussian noise (AWGN). In this

paper, we normalize the bandwidth to 1. The data rate of the

jth secondary TX-RX pair is

Rs(j) = log

(
1 +

Ps(j)g (‖Xs,tx −Xs,rx‖)
N0 + Is(j) + Ips(j)

)
(2)

where Ps(j) is the transmit power of the jth secondary TX,

Xs,tx(j) and Xs,rx(j) are the positions of the jth secondary

TX and RX, respectively. Is(j) is the aggregate interference

received by jth secondary RX within the secondary network,

Ips(j) is the aggregate interference from the primary network

to the jth secondary RX. We denote the per-node throughput

of PU and SU as λp(m) and λs(n), respectively [10].

Fig. 2. (a): The routings in 3D space, (b): The data in a cube can be
transmitted to 6 adjacent cubes.

III. NETWORK PROTOCOLS

In this section, the network protocols of PUs and SUs are

designed to guarantee the operations of primary and secondary

networks. Firstly we do not distinguish primary network and

secondary network, and denote the number of a network as

k. Note that k = m if this network is primary network and

k = n if this network is secondary network. Divide the unit

cube into cubes with edge length sk =
(

c0 log k
k

)1/3

, where

c0 > 0. When a node is source node, it randomly selects a node

as its destination. As illustrated in Fig. 2(a), the line segment

Li connects source Xi and destination Yi. The packets of Xi

are transmitted to Yi in a multi-hop manner from cube to cube

in the order that they are intersected by Li, which is denoted

as “ straight-line routing” [14]. The transmission range of each

hop is 2
√
3sk. Then we have the following lemma.

Lemma 1. For the network with k nodes, denote the number
of nodes that fall in a cube as N , which is a random variable.
Then with high probability (w.h.p.), we have

c0

(
1

2
− 1

e

)
log k ≤ N ≤ c0e log k (3)

Proof: For a specific cube, the event that node i ∈
{1, 2, ..., k} falls in this cube is a Bernoulli event with prob-

ability pk = c0 log k
k . Denote the number of nodes in this

cube as N , then N is a random variable following Bernoulli

distribution with parameters (pk, k). We use Chernoff bound

to derive the upper bound of N as follows.

Pr{N ≤ a} ≤ min
t<0

E
[
etN

]
eta

(a)
= min

t<0

(1 + (et − 1)pk)
k

eta

(b)

≤
(
1 + (e−φ − 1)pk

)k
e−φa

(c)

≤ kc0(e
−φ−1)

e−φa

(4)
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Fig. 3. The frame format of PU, which is an modification of Fig. 3 in [10].

where (a) is derived by substituting the value of E[etN ],
(b) is derived by replacing t with a negative number −φ,

where φ > 0. According to the inequality 1 + x ≤ ex, we

have
(
1 + (e−φ − 1)pk

)k ≤ k9c0(e
−φ−1) and (c) is achieved.

Substitute φ = 1 and a = c0
(
1
2 − 1

e

)
log k into (4), we have

Pr{N ≤ a} ≤ kc0(e
−φ−1)

e−φa
= k−

c0
2 (5)

When k → ∞, Pr
{
N ≤ c0

(
1
2 − 1

e

)
log k

} → 0, therefore

N ≥ c0
(
1
2 − 1

e

)
log k is satisfied with high probability. To

find the lower bound of N , we use the Chernoff bound.

Pr{N ≥ b} ≤ min
t>0

E
[
etN

]
etb

= min
t>0

(1 + (et − 1)pk)
k

etb

≤
(
1 + (eφ − 1)pk

)k
eφb

≤ kc0(e
φ−1)

eφb

(6)

Substitute φ = 1 and b = c0e log k into (6), we have

Pr {N ≥ c0e log k} ≤ 1

kc0
(7)

When k → ∞, Pr {N ≥ c0e log k} → 0. Therefore N ≥
c0e log k is satisfied with high probability.

For primary network, the cube is defined as “primary cube”,

whose edge is of length sm =
(

c0 logm
m

)1/3

such that the

connectivity of primary routings can be guaranteed. Similarly,

for the secondary network, the cube is defined as “secondary

cube”, whose edge is of length sn =
(

c0 logn
n

)1/3

to guarantee

the connectivity of secondary routings. With the premise of

Lemma 1, the network protocols of PUs and SUs can be

designed, which mainly refer to [10].

A. Network protocols of PUs

1) The primary cubes form clusters. Each primary cluster

has 27 primary cubes. Therefore primary network adopts

27-TDMA transmission protocol. As illustrated in Fig. 3,

each frame of PU consists of 27 primary time slots. Each

primary time slot with time length tp is allocated to one

Fig. 4. (a): The interference region of SU, (b): The protected region of PU.

Fig. 5. The frame format of SU, which is an modification of Fig. 4 in [10].

primary cube for data transmission. In one cluster, each

primary cube transmits data in a round-robin manner.

2) The data of PU is transmitted from the source to des-

tination following the straight-line routing as illustrated

in Fig. 2(a). As illustrated in Fig. 2(b), the packets can

be transmitted to one of the 6 adjacent cubes.

3) When a primary cube is active, it divides its time slot

into multiple packet slots. Each routing passing through

or originating at the primary cube uses one of the packet

slots to transmit data, as illustrated in Fig. 3.

4) The transmit power of PU is P0s
α
m, where P0 is constant.

B. Network protocols of SUs

1) The secondary cubes form clusters. Each secondary clus-

ter has 27 secondary cubes. Thus secondary network also

adopts 27-TDMA transmission protocol. As illustrated

in Fig. 5, the length of secondary frame equals the length

of primary time slot. Each frame of SU consists of 27

secondary time slots. Each secondary time slot with

time length ts is allocated to one secondary cube for

data transmission. In one cluster, each secondary cube

transmits data in a round-robin manner.

2) When a secondary cube is active, it divides its time

slot into multiple secondary packet slots. Each routing

passing through or originating at the secondary cube

uses one of the packet slots to transmit data, which is

illustrated in Fig. 5.
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3) The data of SU is transmitted from the source to desti-

nation following the straight-line routing as illustrated in

Fig. 2(a). As in Fig. 2(b), the packets can be transmitted

to one of the 6 adjacent cubes.

4) As illustrated in Fig. 4(b), the cluster of 27 secondary

cubes with a primary RX at the center cube is the

protected region of this PU. When a secondary TX falls

into the protected region of this PU, this secondary TX

buffers its data and wait for another change to transmit1.

5) When the distance between a SU and its nearest primary

TX is larger than sm
2 and this SU has a transmission time

slot, this SU can be active and transmit data2.

6) The transmit power of SU is P1s
α
m, where P1 is constant.

C. Connectivity Analysis

When PUs and SUs coexist in the same area, the SUs must

be coordinated to mitigate the interference to PUs. The most

intuitive way is to deploy low-powered SUs to flexibly exploit

the spectrum holes of PUs. As illustrated in Fig. 4(a), the

cluster of 27 secondary cubes with a secondary TX at the

center cube is the interference region of this SU. Similarly, the

cluster of 27 secondary cubes with a primary RX at the center

cube is the protected region of this PU, which is illustrated

in Fig. 4(b). With some modifications of Lemma 4 in our

previous work [13], we have the following lemma.

Lemma 2. Denote the number of PUs in the interference
region of an SU as L, which is a function of n (or m). Then
for different values of β, we have three cases as follows.

1) If β > 1, then for any positive number ε,

lim
n→∞Pr{L ≥ ε} = 0 (8)

namely, L converges to 0 in probability.
2) If β = 1, we have

27c0

(
1

2
− 1

e

)
log n ≤ L ≤ 27c0e log n (9)

with high probability (w.h.p.), namely, L = Θ(log n).
3) If β < 1, we have

27c0

(
1

2
− 1

e

)
log n ≤ L ≤ 27c0en

1/β−1 log n (10)

with high probability (w.h.p.).

PUs act as if the SUs do not exist, thus the connectivity

of primary network can be guaranteed. According to Lemma

2, the spectrum opportunities exist when β > 1. Thus we

only consider the case β > 1. As illustrated in Fig. 6, an

active primary RX is surrounded by 27 secondary cubes, which

form primary protected region. In the primary cluster with 27

primary cubes, this primary protected region can be anywhere.

We investigate the SUs in this primary protected region, since

these SUs cannot transmit when the primary RX is active.

However, these SUs can exploit the transmit slots of the yellow

1When the primary RX at the center cube is inactive, the protected region
of this PU disappears.

2This operation is to guarantee a nontrivial channel rate of SU.

Fig. 6. In a primary cluster with 27 primary cubes, the SUs in the primary
protected region can exploit the transmit slots of the yellow primary cubes.
However, the SUs in the primary protected region may not use the transmit
slots of the blue primary cubes.

primary cubes. Fig. 6(a) illustrates the worst case, where the

active primary RX is located in the intersection of 8 primary

cubes. However, in this case, the SUs in this primary protected

region can still use 8 primary slots to transmit their own data.

If the primary protected region is located within the primary

cube, as illustrated in Fig. 6(b)(c)(d), the SUs can exploit 21

primary slots to transmit their own data. Thus with the network

protocols of PUs and SUs, each SU has an opportunity to

transmit during one primary frame, which consists of 27

primary time slots. Notice that the length of a primary time

slot equals to the length of a secondary frame [10], thus the

connectivity of secondary network can be guaranteed.

D. Capacity of a TX-RX Pair

We investigate the interference suffered by ith primary TX-

RX pair, which is derived as follows.

Ip(i) =

m∑
k=1,k �=i

Pp(k)g(‖Xp,tx(k)−Xp,rx(i)‖)

<

∞∑
t=1

2(12t2 + 1)P0s
α
m((3t− 2)sm)

−α

= 2P0

∞∑
t=1

(12t2 + 1)(3t− 2)
−α

(11)
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Similarly, we have

Isp(i) < 2P1

∞∑
t=1

(12t2 + 1)(3t− 2)
−α

(12)

Is(i) < 2P1

∞∑
t=1

(12t2 + 1)(3t− 2)
−α

(13)

Ips(i) < 2P1

∞∑
t=1

(12t2 + 1)(3t− 2)
−α

+ 2αP1 (14)

We consider an interference dominated environment where

noise term in (1) and (2) can be ignored [3]. Notice that the

link capacity of a standalone network is derived in [3]. Further,

with (11)(12)(13)(14), the link capacity of primary networks

and secondary networks can be derived as follows.

Lemma 3. In the interference dominated environment, the
capacity of ith primary TX-RX pair is

Rp(i) ≥
⎧⎨
⎩

1
27Θ(m

1
3 (α−3)) 2 < α < 3

1
27Θ( 1

logm ) α = 3
1
27Θ(1) α > 3

(15)

The capacity of the jth secondary TX-RX pair is

Rs(j) ≥
⎧⎨
⎩

1
27

8
27Θ(n

1
3 (α−3)) 2 < α < 3

1
27

8
27Θ( 1

logn ) α = 3
1
27

8
27Θ(1) α > 3

(16)

where 1
27 is due to 27-TDMA protocol and 8

27 is the penalty

due to the presence of the preservation region, since in the

worst case SU can use 8 primary slots to transmit its own

data during a primary frame, which is illustrated in Fig. 6(a).

IV. ACHIEVABLE CAPACITY SCALING LAWS

Assuming a standalone network with k nodes, we study the

situations that a routing generating from Xi passes a cube and

have the following lemma.

Lemma 4. Denote the routing with source Xi and destination
Yi as Ri. For a cube V , we have

Pr{Ri passes V } ≤ c1

(
log k

k

)2/3

(17)

Proof: For cube V , the radius of its circumscribed sphere

is rk =
√
3
2 ( c0 log k

k )1/3. As illustrated in Fig. 7, a cone with

vertex Xi and height XiB =
√
3 is constructed. Thus if Yi

falls into the shaded region of Fig. 7, Ri passes V . Because the

volume of the total cube is 1, the volume of the shaded region

is the probability that Ri passes V , which is upper bounded by

min{1, volume of the cone}. The upper bound of the volume

of the cone is
√
3πr2k
x2 . Denote X = x as the distance between

Xi and the center of the circumscribed sphere. Because Xi is

Fig. 7. The situations that a routing passes a cube.

uniformly distributed, the probability density function of X is

f(x) = c2x
2. Thus we have

Pr{Ri passes V } ≤
∫ √

3

rk

min(

√
3πr2k
x2

, 1)c2x
2dx

≤ c1(
log k

k
)2/3

We derive the number of routings passing through a cube

and have the following lemma.

Lemma 5. Denote the number of routings that pass cube V
as M , then M satisfies the following condition.

lim
k→∞

Pr{M > c3k
1/3(log k)

2/3} → 0 (18)

where c3 > c1.

Proof: According to Lemma 4, the probability that a

routing passes V is upper bounded by c1(
log k
k )2/3

Δ
= p. Define

an indicator Ii = 1 representing that ith routing passes V and

otherwise Ii = 0. Thus the number of routings passing V is

Zk =
k∑

i=1

Ii. The Chernoff inequality is used to obtain the

upper bound of Zk. For any positive number a, x, we have

Pr{Zk > x} ≤ E [exp (aZk)]

exp (ax)
(19)

And we have

E [exp (aZk)] = (1 + (ea − 1)p)
k ≤ exp (k(ea − 1)p)

≤ exp(c1(e
a − 1)k1/3(log k)

2/3
)

(20)

Substitute x = c3k
1/3(log k)

2/3
into (19), we have

Pr{Zk > c3k
2/3(log k)

1/3}
≤ exp

(
(c1(e

a − 1)− c3) k
1/3(log k)

2/3
) (21)
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If c3 > c1, an appropriate positive number a can be chosen

such that when k → ∞, Pr{Zk > c3k
2/3(log k)

1/3} → 0.

Now we need to prove that for any cube, the number of

routings passing this cube, which is denoted as Zcube,k, would

not exceed c3k
2/3(log k)

1/3
with high probability.

Pr{Zcube,k > c3k
2/3(log k)

1/3}
(a)

≤ 1

s3k
exp

(
(c1(e

a − 1)− c3) k
1/3(log k)

2/3
)
→ 0

(22)

where (a) is achieved using the union bound. Therefore

Lemma 5 is proved.

Because the PUs act as if the SUs do not exist, thus the

capacity of primary network is the same as the capacity

of standalone network with the same number of nodes. In

Lemma 3, we have achieved the capacity of the ith primary

TX-RX pair, which is the capacity that a primary cube can

support. In Lemma 5, we have derived the maximum number

of routings that pass a primary cube3. Thus the achievable

per-node capacity can be derived as the capacity of primary

TX-RX pair divided by the number of routings that pass a

primary cube [14], which is presented as follows.

Theorem 1. In the interference dominated environment, the
achievable per-node capacity of primary network is

λp(m) ≥

⎧⎪⎨
⎪⎩

Θ( 1
m4/3−α/3(logm)2/3

) 2 < α < 3

Θ( 1
m1/3(logm)5/3

) α = 3

Θ( 1
m1/3(logm)2/3

) α > 3

(23)

With the network protocols in this paper, the connectivity

of SUs can be guaranteed. As illustrated in Fig. 6, due to the

presence of primary protected region, each SU can at least use
8
27 of primary slots to transmit its own data, which is finite and

would not change the capacity scaling laws. Thus the capacity

scaling laws of secondary networks can be similarly derived.

Theorem 2. In the interference dominated environment, the
achievable per-node capacity of secondary network is

λs(n) ≥

⎧⎪⎨
⎪⎩

Θ( 1
n4/3−α/3(logn)2/3

) 2 < α < 3

Θ( 1
n1/3(logn)5/3

) α = 3

Θ( 1
n1/3(logn)2/3

) α > 3

(24)

Notice that the achievable capacity of 2D cognitive radio

networks is Θ( 1√
n logn

). Therefore when α > 2.5, the capacity

of 3D cognitive radio networks is superior to 2D cognitive

radio networks with the same number of nodes asymptotically.

V. CONCLUSION

In this paper, we have analyzed the capacity scaling laws of

3D cognitive radio networks. Firstly, we design the network

protocols to coordinate the interference and guarantee the

connectivity of primary network and secondary network. Then

we investigate the capacity of a TX-RX pair and the number

of routings in a primary and secondary cube. Finally, we

have derived the per-node capacity of primary network and

3We only need to substitute k = m in Lemma 5

secondary network respectively. We have verified that the path

loss factor α has an impact on the capacity of 3D CRNs,

namely, α = 3 is a watershed of capacity scaling laws.

Besides, when α > 2.5, the capacity of 3D CRNs is higher

than 2D CRNs with the same amount of nodes asymptotically.

Since the modern wireless networks will be widely deployed

in the 3D space, our results may provide an insight into the

network design and performance analysis of three dimensional

cognitive radio networks.
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