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Abstract—Network-wide monitoring is important for many
network functions. However, monitoring data are often incom-
plete due to the need of sampling to reduce high measurement
cost, system failure, and unavoidable transmission loss under
severe communication. Instead of only targeting to estimate all
missing monitoring data entries with a small set of measurement
samples, we study a new order-preserved monitoring data estima-
tion problem to accurately estimate the missing data entries while
preserving the data entries’ order in the dataset. We propose a
novel order-preserved tensor completion model that integrates
both the low rank property and the order information into a joint
learning problem to estimate the missing data. With well designed
non-convex function to directly approximate the tensor rank
and order-preserved constraint under the linear self-recovery
method, our model can not only more accurately capture the
low-rank property of monitoring data to increase the estimation
performance of missing data, but also can capture the order
information in monitoring data to ensure the estimation accuracy.
Extensive experiments using four real datasets demonstrate that
compared with the state-of-the-art tensor completion algorithms,
our proposed algorithm can provide more accurate estimation
and keep the value order of recovered entries to more effectively
retrieve top-k large entries.

Index Terms—Order-preserved, Tensor Completion, Network-
wide Monitoring

I. INTRODUCTION

Network-wide monitoring is important for many impor-
tant network management tasks, including anomaly detection,
traffic engineering, and network troubleshooting. However,
network management and data analysis usually suffer from
the problem of data missing, due to the following reasons: 1)
sampling-based measurement to reduce the cost; 2) failures
of the monitoring systems or distributed monitoring nodes; 3)
unavoidable transmission loss under severe communication,
including network congestion and transmission over an unre-
liable transport protocol.

To provide network analyses with the complete monitoring
data, an important step is to estimate the missing data entries
from the partial measurement samples. For example, to track
the SLA in a data center, studies [1], [2] estimate the network-
wide latency data among all node pairs through the latency
measurements among a few origin-destination pairs. To obtain
the global traffic flow map for better traffic engineering, studies
[3]–[6] estimate the network traffic matrix that records traffic
volumes between every origin-destination (OD) pairs with a
subset of traffic volume data between a small set of origin-
destination (OD) pairs.

To estimate the missing monitoring data entries, various
studies have been made to solve the data estimation problem,
including purely spatial or temporal based algorithms [7],
[8], matrix completion based algorithms [4], [5] and recent
tensor completion based algorithms [6], [9]. Among which,
tensor completion based algorithms are the most effective
data estimation algorithms as these algorithms can combine
multiple monitoring matrices together to take full advantage
of the spatial and temporal correlations in the monitoring data
to more accurately estimate the missing data.

In existing research studies [6], [9], tensor completion is
applied to obtain the complete data, where missing entries in a
tensor are estimated from a small set of measurement samples
through tensor decomposition. In contrast, we formulate a new
order-preserved tensor completion problem, which aims to not
only accurately estimate the missing data but also preserve
order of all data entries in the data set. That is, if two data
entries x and x′ are actually obtained through measurements
and have the relationship x > x′, the estimated values p and
p′ should also guarantee that p > p′.

Order preservation is very important for network applica-
tions. With order preservation, we can return the top-k largest
monitoring data entries more accurately. Depending on the
type of KPI (Key Performance Indicator) recorded by the
monitoring data, the top-k largest entries may correspond to
elephant flows, the large network latency paths and the large
packet loss paths in the network. The finding of top-k entries is
especially important for advanced network applications such
as traffic engineering, network anomaly detection, et.al. For
example, the network trouble shooting is more concerned
about the top-k largest latency and packet loss paths, the traffic
engineering tasks are more concerned about the flows with
top-k largest traffic volume.

Although tensor completion algorithms have been demon-
strated to be more effective than the ones based on lower
dimension data structures such as matrix and vector, current
tensor completion based estimation algorithms usually adopt
CP [6], [9] and Tucker decompositions [10], [11]. However,
according to the recent tensor theory, these algorithms can not
well characterize the intrinsic structure of a tensor [14]. Rather
than using CP or tucker decomposition, a new tensor decompo-
sition technique, called tensor Singular Value Decomposition
(t-SVD) [12] is proposed, which can be considered as a more
appropriate extension of the singular value decomposition
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(SVD) from the matrix field to the tensor field to better
characterize the intrinsic structure of a tensor.

In this paper, we would like to design our tensor completion
algorithm based on t-SVD. Despite the strength of t-SVD,
because of following drawbacks, existing tensor completion
algorithm on t-SVD can not work well to preserve the order
of data entries during the missing data estimation.

• Convex relaxation to the low rank constraint in tensor
completion compromises the recovery performance.
Due to the spatial-temporal correlations hidden in the
monitoring data, network monitoring data have been
proved to be low rank [6], which satisfies the requirement
of the tensor completion. However, directly formulating
the tensor completion problem using low rank function
is NP-hard [13]. Most existing methods [10], [11], [14]
use the nuclear norm as a convex approximation of
the rank function to minimize. However, the nuclear
norm simply adds all nonzero singular values together
instead of treating them equally as the rank function does,
which has a shrinkage effect that over-penalizes the large
singular values and leads to a biased estimator.

• Ignorance of order information impacts the recovery
performance. Current tensor completion algorithms esti-
mate the sparse tensor solely based on a low rank function
or its relaxation while ignoring the important intrinsic
characteristic of the order information of entries, which
further reduces the estimation accuracy and top-k largest
data entries retrieving.

To address above issues, we propose a novel order-preserved
tensor completion model that integrates both the low rank
property and the order information into a joint learning prob-
lem for the estimation of missing data in network monitoring.
Our model can not only more accurately capture the low-
rank property of the monitoring data to increase the estimation
performance of missing data, but also can capture the order
information to keep the value sequence of the monitoring data.
The later feature is particularly important for finding the top-
k largest entries, and it also helps to improve the accuracy in
missing data estimation. The following technique contributions
are made in our paper:

• To provide a more accurate low rank constraint surro-
gate, we propose a novel nonconvex function to directly
approximate the tensor rank. Compared with the nuclear
norm, the penalties to different singular values in our
constraint are more close to those with the low rank
constraint, which can address the problems of shrinkage
effect and biased estimator.

• To preserve the order information in monitoring data, we
propose an order-preserved constraint under the linear
self-recovery method, which can be easily integrated
with the tensor completion model to enforce the learning
process to capture both the low rank constraint and the
order preservation among entries.

• We transform the complicate optimization problem into
several convex subproblems, and also propose effective

algorithms to solve the subproblems.
• We have performed extensive experiments using four

network monitoring datasets including Abilene [15],
GÈANT [16], Harvard226 [17], and WS-DREAM [18].
The results demonstrate the advantages of our order-
preserved tensor completion model compared with 5
baselines. Compared with previous state of the art mod-
els, our proposed model can provide more accurate esti-
mation and keep the order of top-k large entries.

The rest of the paper is organized as follows. We introduce
the related work in Section II, and the preliminaries of t-SVD
in Section III. We present the our basic problem in Section
IV. We present the details of novel non-convex constraint
surrogate and order-preserved constraint in Section V and Sec-
tion VI, respectively. In section VII, we present our solution
to the proposed order-preserved tensor completion. Finally,
we evaluate our algorithm performance through extensive
experiments in Section VIII and conclude the work in Section
IX.

II. RELATED WORK

A. Tensor model based network monitoring data estimation

As the higher-order generalization of matrix, the tensor
model has proven to be an effective data structure for dealing
with the multi-dimensional data in a variety of fields [19]–
[21]. It can take full advantage of the multilinear structures to
extract richer information from the monitoring data.

Some recent studies propose tensor completion based al-
gorithms to estimate the missing data with observed mea-
surements. Study [22], for the first time, models the network
traffic data as a tensor and estimate the unmeasured data from
the partial measurement samples with its proposed sequential
tensor completion algorithm. To achieve the quick missing
monitoring data estimation, the study [6] proposes a GPU-
accelerated parallel tensor completion algorithm to estimate
the incomplete traffic tensor. By taking advantage of the
stronger local correlation of data to form lower rank sub-
tensors, the study [9] further proposes a localized tensor com-
pletion model (LTC) to increase the data recovery accuracy.
To reduce the computational overhead, study [23] proposes
a discrete tensor completion(DTC) model which uses binary
codes to represent the factor matrices. Furthermore, with the
help of binary code, this work can quickly estimate the top-k
largest monitoring data entries.

Besides above studies, taking advantage of the low rank fea-
ture of the monitoring data, [24], [25] propose a tensor-based
anomaly detection algorithms, which separates the monitoring
data into two parts, to detect the traffic anomalies. Following
these studies, several tensor model based anomaly detection
algorithms [26]–[28] are proposed.

These studies demonstrate that compared with the vector
and matrix based algorithm, tensor based algorithms are more
effective to handle network monitoring data.
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B. Tensor decomposition techniques

We notice that the tensor algorithms’ ability relies on the un-
derline tensor decomposition techniques, and two of the most
well-known are CANDECOMP/PARAFAC (CP) style tensor
factorization and Tucker decomposition (TKD). Above tensor-
based network monitoring missing estimation and anomaly
detection algorithms are all designed based on these two kinds
of tensor decomposition.

CP decomposition (CPD) is a highly compact representation
that factorizes a tensor into a sum of component rank-one
tensor factors. The tensor rank in CP equals the smallest
number of rank-1 tensors achieving the CP decomposition.
To estimate the missing data based on CP, CP rank should be
pre-identified. However, it is generally an NP-hard problem
to identify the CP rank accurately [13] even though the
whole tensor data is given. The tensor rank in Tucker-based
algorithms is induced by Tucker decomposition, and is a
multilinear rank formed by matrix rank. Although the rank
is computable and equal to the rank of tensor’s unfolding
matrices, such a matricization technique fails to exploit the
structure information embedded in a high dimensional tensor
completely [29].

Different from the CP and Tucker decomposition, the al-
gebraic framework of t-SVD induced by t-product [30] can
be considered as a more appropriate extension of singular
value decomposition (SVD) from the matrix field to the
tensor field. Moreover, t-SVD provides an alternative tensor
decomposition method without the drawbacks in finding the
CP rank and Tucker rank [12], and can well characterize
the intrinsic structure of a tensor. It is computable without
the need of matricization technique. Thus, t-SVD is more
promising to handle the monitoring data. Some recent studies
[31], [32] propose an adaptive sampling algorithm to recover
the unsampled data by t-SVD, which achieves a good recovery
performance.

In light of the advantage of t-SVD over CP and Tucker
decomposition, we design our tensor completion algorithm
based on t-SVD. Moreover, different from the traditional
problem that exploits the tensor completion to estimate all
missing monitoring data entries with the small set of samples,
we study a new order-preserved tensor completion problem
which aims to accurately estimate the missing data entries
while preserving the value sequence of all entries in the data
set.

III. PRELIMINARIES

In this section, we introduce some preliminaries. Scalars are
denoted by lowercase letters x, vectors are denoted by boldface
lowercase x, matrices are represented by boldface capitals X,
the 3-order tensors are written as calligraphic letters X , the
(i, j, k)-th entry of tensor X is denoted by xi,j,k, and the i-th
row and j-column of matrix X are denoted by xi,: and x:,j ,
respectively .

Definition 1: The tubes [30] are the higher-order analogue
of matrix rows and columns, a tube is defined by fixing every

X(1)

X(K)



front slices

X(1) X(K)...

fold

unfold

Fig. 1. The definition of front slice, unfold and fold operator.

index but one, i.e., (i, j)-th tube of tensor X is denoted as
xi,j,:

Definition 2: The slices [30] are two-dimensional sections
of a tensor, defined by fixing all but two indices.

In this paper, we only use the front slices as shown in Fig.1,
which is written as X(:,:,k). For simplicity, we also denote the
front slices as X(k).

Definition 3: We define the unfold and fold operator (as
shown in Fig.1) of X ∈ RI×J×K as

unfold (X ) =
[
X(1),X(2), · · · ,X(K)

]
fold (unfold (X )) = X (1)

Next, we give some basic definitions on t-SVD and outline
the associated algebraic framework.

Definition 4: Fourier transformation(DFT) [30] on tensor
X along the third dimension, we can use the MATLAB
command fft, denoted as X̄ = fft (X , [] , 3). The inverse
DFT is computed by command ifft, which is satisfied
X = ifft

(
X̄ , [] , 3

)
. The X is in original domain, and X̄

is in Fourier domain.
Definition 5: The block diagonal matrix [30] of tensor X

denotes:

bdiag (X ) =


X(1)

X(2)

. . .
X(K)

 (2)

Definition 6: The block circulant matrix [30] of tensor X
denotes:

bcirc (X ) =


X(1) X(K) · · · X(2)

X(2) X(1) · · · X(3)

...
...

...
...

X(K) X(K−1) · · · X(1)

 (3)

Definition 7: T-Product [30]: Let X ∈ RI×J×K and Y ∈
RJ×l×K . The t-product of these two tensors is defined as:

X ∗ Y=fold (bcirc (X ) · unfold (Y)) ∈ RI×l×K (4)

Definition 8: Orthogonal Tensor [30]: A tensor Q ∈
RI×I×K is orthogonal if it satisfies QT ∗ Q = Q ∗ QT = I,
where QT ∈ RI×I×K is obtained by transposing each frontal
slice of Q.

Definition 9: F-Diagonal Tensor [30]: A tensor is called
f-diagnoal if each of its frontal slices is a diagnoal matrix.
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IV. PROBLEM

For a network consisting of N nodes, we use a 3-way tensor
(X ∈ RI×J×K) to record K days’ network monitoring data
of every end-to-end OD pairs where a day contains J time
slots. We call the 3-way tensor as the monitoring tensor. In the
monitoring tensor (as shown in Fig.2), I denotes the number
of OD pairs with I = N ×N . If the tensor records the traffic
volume data of the network, an entry xijk indicates the flow
traffic volume data of OD pair i in the time slot j in the k-th
day. If the tensor records the latency data of a network, the
entry xijk indicates the latency between OD pair i in the time
slot j of the k-th day.

Time(J)

OD-pair(I)

Day(K)

Unobserved Observed data Recovered data

Tensor 
compeltion

 

(a) (b)

xijk

xi'jk

pijk

pi'jk

xijk
Order-preservation
xi'jk> pijk > pi'jk

Fig. 2. The illustration of order-preserved tensor completion.

As introduced in Section I, the monitoring data are often
incomplete (as shown in Fig.2). Different from the traditional
network monitoring data estimation problem that targets to es-
timate all missing data entries with a small set of measurement
samples, we study an order-preserved tensor completion
problem to not only accurately estimate the missing data
entries but also preserve the value sequence of all entries in
the data set. That is, if the ground true values of two entries
(i, j, k), (i′, j, k) corresponding to the OD pairs i and i′ in
the same time slot j satisfy xijk > xi′jk, the estimated values
should also satisfy that pijk > pi′jk.

Order preservation during the estimation of missing data
is very important for network applications. With the order-
preserved estimation of missing data, we can return the top-k
largest monitoring data entries, which are especially important
for advanced network applications such as congestion control,
traffic engineering, network anomaly, et.al.

V. ACCURATE TENSOR COMPLETION WITH NONCONVEX
SURROGATE

A. Traditional Tensor Completion Model and Its Drawback
Given an incomplete network monitoring tensor X ∈

RI×J×K , low-rank tensor completion algorithms have been
demonstrated to be feasible to estimate the unobserved entries
given a small set of observed ones. If the set Ω of observed
entries contains enough information, there is a unique low rank
tensor P that is consistent with the observed entries can be
estimated by solving the following rank minimization problem

min
P

rank (P)

subject to pi,j,k = xi,j,k, (i, j, k) ∈ Ω
(5)

where P is the estimated tensor, the rank (P) denotes the
rank of tensor P .

However, solving this rank minimization problem in (5) is
often impractical because it is NP-hard. Due to the inherent
computational complexity of rank problems, the non-convex
rank function is often relaxed to use the nuclear norm, and the
problem (5) can be rewritten as:

min
P
‖P‖∗

subject to pi,j,k = xi,j,k, (i, j, k) ∈ Ω
(6)

where ‖P‖∗ is the nuclear norm of tensor P .
Although the convex relaxation is becoming a popular

scheme and the problem can be solved efficiently, the use
of convex relaxation is also associated with some drawbacks.
Next, we present the drawbacks of using relaxation with
nuclear norm.

Tensor completion relies on the technique of tensor decom-
position. As introduced in Section 2, we use t-SVD as the
basic tensor decomposition method in this paper. Before we
give the definition of the rank and nuclear norm of tensor P ,
we first introduce t-SVD.

Definition 10: t-SVD decomposes the tensor X into three
tensors U , S, V , expressed as

X=U ∗ S ∗ VT (7)

where U ∈ RI×I×K and V ∈ RJ×J×K are orthogonal tensors,
S ∈ RI×J×K is a f-diagonal tensor.

Algorithm 1 t-SVD [30]
Input: Tensor X ∈ RI×J×K .
Output: U ∈ RI×I×K , S ∈ RJ×J×K , V ∈ RI×J×K .

1: Compute X̄ = fft (X , [ ] , 3).
2: Compute each front slice of Ū , S̄ and V̄ by:
3: for k = 1, · · · ,K do
4:

[
Ū(k), S̄(k), V̄(k)

]
= SV D

(
X̄(k)

)
.

. SVD is the singular value decomposition
5: end for
6: Compute U = ifft

(
Ū , [ ] , 3

)
.

7: Compute S = ifft
(
S̄, [ ] , 3

)
.

8: Compute V = ifft
(
V̄, [ ] , 3

)
.

Fig.3 gives an illustration of the t-SVD. One efficient
algorithm for computing the t-SVD is presented in Algorithm
1 [30]. To perform t-SVD on tensor X , X should firstly be
transformed in Fourier domain by DFT, and the transformed
tensor is denoted by X̄ . After applying the Singular Value De-
composition (SVD) on each front slice X̄(k) of the transformed
tensor X̄ , we obtain

[
Ū(k), S̄(k), V̄(k)

]
= SV D

(
X̄(k)

)
for the

front slices of Ū , S̄, V̄ , respectively. Finally, by transforming
Ū , S̄, V̄ to the original domain through inverse DFT, we obtain
the resulted U , S, V .

We define a singular value matrix σ (X ) ∈ Rm×K with
σlk = S̄ (l, l, k) and m = min (I, J). Thus, we have σ:k =
diag

(
S̄ (:, :, k)

)
, where 1 ≤ k ≤ K.

Definition 11: tensor tubal rank [12] Based on t-SVD,
the tensor tubal rank can be denoted as rankt (X ), which is
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J

J

K

I

J



*

K

Fig. 3. The illustration of t-SVD algorithm.

defined as the maximum number of nonzero singular values
of ‖σ:k‖, that is

rankt (X ) = max (‖σ:1‖0, · · · , ‖σ:K‖0) (8)

where ‖σ:k‖ is actually the rank of k-th front slice X(k), and
1 ≤ k ≤ K. In this way, rankt (P) is the maximum rank of
all front slices.

Definition 12: tensor nuclear norm Based on t-SVD, the
nuclear norm can be expressed as

‖X‖∗ =
1

K

m∑
l=1

K∑
k

σlk =
1

K

K∑
k=1

‖σ:k‖1 (9)

where ‖·‖1 is L1 norm, which calculates the sum of absolute
of the entries in σ:k.

In the optimization problem, the loss is the penalty for
failing to achieve a desired objective. Problem (5) uses tensor
rank constraint as the objective function. For any σlk > 0,
it will contribute 1 to the loss value ‖σ:k‖0, thus at most
contribute 1 to the objective function value rank (P) in (5).
Problem (6) uses the nuclear norm constraint as the objective
function. For any σlk > 0, it will contribute the loss value |σlk|

K
to the objective function value ‖P‖∗ in (6). When minimizing
the objective function, we call 1 and |σlk|

K the penalties of σlk
under the two problems (5) and (6), respectively.

We vary the value of σlk and draw its penalty under the two
problems (5) and (6). With the increase of singular value, the
singular value’s penalty in problem (5) is equal to 1 constantly,
while the singular value’s penalty in problem (6) increases.
Compared with minimizing the objective function in (5) with
tensor rank, minimizing the objective function in the problem
(6) with the nuclear norm always over-penalizes the large
singular values, which results in the bias in the estimation
of the tensor P .

Fig. 4. The different penalties with respect to a varying singular value.

B. Tensor Completion with Nonconvex Surrogate

Although tensor completion based on the nuclear norm has
been applied in many different fields, as discussed above, given
any singular value larger than K, its penalty (loss) to nuclear
norm is |σlk|

K which is larger than 1, while its penalty to
rank function is 1. With the increase of singular value, its
penalty to nuclear norm increases, which may bring the bias
in the estimation because it over-penalizes the large singular
value. As a result, a solution based on nuclear norm is a loose
approximation of the rank and not a good surrogate to the
tensor rank.

In order to have a tighter approximation of the tensor rank,
we define a nonconvex penalty function f of the singular
values σlk as follows:

f (σlk) =
(1 + δ)σlk
δ + σlk

, δ > 0 (10)

We can find that, lim
δ→0

f (σlk) = ‖σlk‖0 and lim
δ→∝

f (σlk) =

‖σlk‖1. In Fig.4, we also plot the penalty under (10) with
respect to a varying singular value. As we can see, the
black line (f (σlk) ) is very close to the blue line (rank
constraint) with the δ = 0.001, while the red line (nuclear
norm constraint) deviates from the blue line when the singular
value is large. Hence, the proposed non-convex function f can
address the over-penalization of larger singular values. Based
on this function, we define a novel tensor completion problem
as:

min
P
‖P‖δ

subject to pi,j,k = xi,j,k, (i, j, k) ∈ Ω
(11)

where ‖P‖δ=
m∑
l

K∑
k

(1+δ)σlk(P)
δ+σlk(P) .

VI. ORDER-PRESERVED TENSOR COMPLETION

As one of our main goals, we want to design a new tensor
completion scheme that can accurately estimate the missing
data entries while preserving the data entries’ order in the data
set. To achieve this, we formulate our order-preserved tensor
completion problem in this section.

For two entries (i, j, k) and (i′, j, k) which correspond to
different OD pairs’ monitoring data in the same time slot, if
xi,j,k > xi′,j,k, we obtain a quadruple instance (i, i′, j, k). We
define a quadruple set ∆ consisting all the possible instances
in the observed tensor X for i, i′, j, k, where 1 ≤ i, i′ ≤ I ,
i 6= i′, 1 ≤ j ≤ J and 1 ≤ k ≤ K.

To preserve the entry order, we reformulate the minimiza-
tion problem in Eq.(11) as follows:

min
P
‖P‖δ + β

2

∑
(i,i′,j,k)∈∆

L (pi,j,k − pi′,j,k)

subject to pi,j,k = xi,j,k, (i, j, k) ∈ Ω
(12)

where L (•) is the max-margin squared hinge loss function
L (x) = max (0, 1− x)2 (a monotonically non-increasing func-
tion). Thus, this loss function can preserve the estimated
values pi,j,k > pi′,j,k when xi,j,k > xi′,j,k, efficiently. In
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(12), β is the trade-off parameter that balances the low-rank
regularization and order-preserve regularization.

Although the minimization problem in Eq.(12)
meets our goal, the order-preserving regularization∑
(i,i′,j,k)∈∆

L (pi,j,k − pi′,j,k) does not include any trackable or

trainable statistical parameters to help the training of P .
To solve this problem, we define the estimated tensor P us-

ing a linear self-recovery model [33] unfold (P) = WQ, where
unfold (P) is the unfold matrix of tensor P , Q ∈ RI×JK is
the unfold matrix of incomplete observed tensor X , W is the
randomly initialized parameter matrix with constraints W ≥ 0

and diag (W) = 0. Accordingly, we have qi,n = xi,j,k, where
n = (k − 1) × J + j. Using unfold (P) = WQ, we rewrite
the tensor completion problem in (12) as follows

min
P,W
‖P‖δ + β

2

∑
(i.i′,j,k)∈∆

L ((wi,: −wi′,:) q:,n)

subject to pi,j,k = xi,j,k = qi,n, (i, j, k) ∈ Ω
n = (k − 1)× J + j,W ≥ 0, diag (W) = 0
unfold (P) = WQ

(13)

To increase the feasibility of the problem in (13), instead of
keeping the equality constraint unfold (P) = WQ, we encode
it as a regularization term in problem (Eq.(13)) and obtain the
following minimization problem:

min
P,W
‖P‖δ + α

2
‖unfold (P)−WQ‖2F

+β
2

∑
(i.i′,j,k)∈∆

L ((wi,: −wi′,:) q:,n)

subject to pi,j,k = xi,j,k = qi,n, (i, j, k) ∈ Ω
n = (k − 1)× J + j,W ≥ 0, diag (W) = 0

(14)

where α and β are the trade-off parameters. Note in the
problem Eq.(14), the linear self-recovery parameter matrix W

is learned mainly based on the order-preserving loss func-
tion

∑
(i.i′,n)∈∆

L ((wi,: −wi′,:) q:,n), while the regularization

‖unfold (P)−WQ‖2F is a relaxation of the equality constaint
unfold (P) = WQ.

As Eq.(14) builds a connection between the low rank
constraint on tensor P and the order-preserving constraint on
‖unfold (P)−WQ‖2F , it can propagate the order-preserving
information to help the training of the low rank tensor esti-
mation, thus further increasing the estimation accuracy.

VII. SOLUTION FOR THE ORDER PERSERVED TENSOR
COMPLETION

To solve our order-preserved optimization problem (14),
we propose an effective optimization strategy based on the
Alernating Direction Method Multipliers (ADMM) technique.
By introducing an auxiliary variable Y = unfold (P), we
reformulate the problem as follows:

min
P,W
‖P‖δ + α

2
‖Y −WQ‖2F + β

2

∑
(i.i′,n)∈∆

L ((wi,: −wi′,:) q:,n)

s.t. pi,j,k = xi,j,k = qi,n, (i, j, k) ∈ Ω
n = (k − 1)× J + j, W ≥ 0, diag (W) = 0
Y = unfold (P)

(15)

After using the augmented Lagrangian dual formulation to
encode the equality constraint Y = unfold (P), we have

min
P,W
‖P‖δ + α

2
‖Y −WQ‖2F + µ

2

∥∥∥unfold (P)−Y + Z
µ

∥∥∥2

F

+β
2

∑
(i.i′,n)∈∆

L ((wi,: −wi′,:) q:,n)

s.t. pi,j,k = xi,j,k = qi,n, (i, j, k) ∈ Ω
n = (k − 1)× J + j,W ≥ 0, diag (W) = 0

(16)
where Z is a Lagrange multiplier and µ > 0 is a trade-off
parameter.

Next, we apply the alternating minimization method to solve
the problem (16) iteratively.

1) The update of P
By fixing Yt, Zt, and µt, we update P by solving following

sub-problem:

Pt+1= min
P
‖P‖δ +

µt

2

∥∥∥∥∥P − fold (Yt)+
fold

(
Zt
)

µt

∥∥∥∥∥
2

F

(17)

where fold (Yt) and fold (Zt) are in the tensor form obtained
by applying the fold operator to matrix Yt and Zt, t denotes
the number of iteration. To solve this problem, we first
introduce the following theorem.

Theorem 1 [34]. Let A = USAVT be the SVD of matrix
A and σA = diag (SA). Let F (Z) = f ◦σ (Z) be a unitarily
invariant function. Then the optimal solution to the following
problem

min
Z
F (Z) +

κ

2
‖Z−A‖2F (18)

is Z∗ = US∗ZVT, where σ∗ = diag (S∗Z) and σ∗ =
proxf,u (σA). Here proxf,u (σA) is defined as:

proxf,u (σA) = arg min f (σ) +
µ

2
‖σ − σA‖22 (19)

The above objective function Eq.(19) is a combination of
concave and convex functions. Inspired by the difference of
convex (DC) programing [35], we can solve (19) iteratively
by updating

σl+1 = max

(
σA −

ωl

µ
, 0

)
(20)

where σA = diag (SA) and ωl is the gradient of f (·) at σl.
Based on the t-SVD, tensor P can be decomposed into three

tensors U , S, V and expressed as following:

P=U ∗ S ∗ VT (21)

which is equivalent to the following equation in the Fourier
domain [30]:

 P̄(1)

. . .
P̄(K)

 =

 Ū(1)

. . .
Ū(K)

×
 S̄(1)

. . .
S̄(K)

×
 V̄(1)

. . .
V̄(K)


T

.

(22)
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where P̄(k), Ū(k), S̄(k) and V̄(k) are front slices of P̄ , Ū , S̄
and V̄ , respectively, and P̄ , Ū , S̄ and V̄ are transformed from
P , U , S and V by DFT. Thus, we have

‖P‖δ =

K∑
k=1

∥∥P̄(k)

∥∥
δ

(23)

Consequently, we transform the P and fold (Yt)+
fold(Zt)

µt

into Fourier domain as follows:
P̄ = fft (P, [], 3)

D̄t = fft

(
fold (Yt) +

fold(Zt)
µt , [], 3

)
(24)

The subproblem Eq.(17) can be rewritten as follows:

P
t+1

= min
P

K∑
k=1

(∥∥P̄(k)

∥∥
δ

+
µt

2

∥∥∥P̄(k) −D
t
(k)

∥∥∥2

F

)
(25)

where P̄t+1 = fft
(
Pt+1, [] , 3

)
, P̄(k) and D̄t

(k) are the front
slices of P̄ , D̄t in Eq.(24), respectively.

Moreover, each
∥∥P̄(k)

∥∥
δ

+ µt

2

∥∥∥P̄(k) −D
t
(k)

∥∥∥2

F
in Eq.(25) is

independent of the others. Thus, the problem (Eq.(25)) can be
divided into the following problems independently,

P̄t+1
(k) = min

P̄(k)

∥∥P̄(k)

∥∥
δ

+
µt

2

∥∥∥P̄(k) −D
t
(k)

∥∥∥2

F
(26)

where 1 ≤ k ≤ K.
Then, by substituting the function F (Z) in Eq.(18) with∥∥P̄(k)

∥∥
δ

, the variable Z and A with P̄(k), D̄t
(k), respectively,

we can obtain
σA = diag

(
D̄t

(k)

)
(27)

ωl = f ′
(
σl
)

=

(
(1 + δ)σl

δ + σl

)′
=

(1 + δ) δ

(δ + σl)
2 (28)

where the function f (·) is the nonconvex penalty function
Eq.(10).

Finally, we present our solution to the problem (Eq.(17)) in
Algorithm.(2), which provides the updating rule for Pt+1.

2) The update of W
In the (t+ 1)-th iteration, by fixing Yt, we update W by

solving the following sub-problem:

Wt+1= argmin
W

α
2

∥∥Yt−WQ
∥∥2

F
+ β

2

∑
(i.i′,n)∈∆

L ((wi,:−wi′,:) q:,n)

s.t. W > 0, diag (W) = 0
(29)

This sub-problem can be solved by stochastic gradient
descent (SGD), and update W as follows:

wt+1
i,: = wt+1

i,: −η
(
∂L
(
wt
i,:

)
+

α

β |∆i|
(
wt
i,:Q− yti,:

)
QT

)
(30)

wt+1
i′,: = wt+1

i′,:−η
(
∂L
(
wt
i′,:

)
+

α

β |∆i′ |
(
wt
i′,:Q− yti′,:

)
QT

)
(31)

where |∆i| and |∆i′ | represent the number of quadruples
which contain the i-th OD pair and i′-th OD pair in ∆ re-
spectively, η is learning rate and Q is the unfold of observed

tensor X . ∂L
(
wt
i,:

)
and ∂L

(
wt
i′,:

)
are the local gradients of

wt
i,: and wt

i′,: in L ((wi,: −wi′,:) q:,n) respectively.
Moreover, we project the matrix Wt+1 on to the non-

negativity constraint by Wt+1 = max
(
Wt+1, 0

)
, and let

diag (W) = 0.
As the loss function L is in the term L (x) =

max (0, 1− x)
2, we have

(a) if
(
wt
i,: −wt

i′,:

)
q:,n < 1,

∂L
(
wt
i,:

)
= 2

((
wt
i,: −wt

i′,:

)
q:,n − 1

)
qT:,n (32)

∂L
(
wt
i′,:

)
= −2

((
wt
i,: −wt

i′,:

)
q:,n − 1

)
qT:,n (33)

(b) if
(
wt
i,: −wt

i′,:

)
q:,n > 1,

∂L
(
wt
i,:

)
= ∂L

(
wt
i′,:

)
= 0 (34)

Algorithm 2 The solution to subproblem(17)
Input: Matrix Yt ∈ RI×JK , Matrix Zt ∈ RI×JK , ε and µt.
Output: Pt+1 ∈ RI×I×K .

1: fold the matrix Yt ∈ RI×JK into Yt ∈ RI×I×K .
2: fold the matrix Zt ∈ RI×JK into Zt ∈ RI×I×K .
3: Compute the auxiliary tensor D = Yt − Z

t

µt .
4: Compute D̄ = fft (D, [ ] , 3).
5: Compute each front slice of Ū , S̄ and V̄ by:
6: for k = 1, · · · ,K do
7: [U,S,V] = SV D

(
D̄(k)

)
.

8: σA = diag (S).
9: l = 1.

10: repeat
11: Compute the σl by Eq.(20).
12: l = l + 1.
13: until (σl − σl−1 < ε)
14: σ∗ = σl.
15: Ū(k) = U, S̄(k) = diag {σ∗}, V̄(k) = V.
16: end for
17: Compute U = ifft

(
Ū , [ ] , 3

)
.

18: Compute S = ifft
(
S̄, [ ] , 3

)
.

19: Compute V = ifft
(
V̄, [ ] , 3

)
.

20: Compute Pt+1=U ∗ S ∗ VT

3) The update of auxiliary variable
Fixing Pt+1, Zt and Wt+1, we update Yt+1 by solving the

following sub-problem

Yt+1= argmin
Y

α

2
‖Y −WQ‖2F +

µ

2

∥∥∥∥unfold (P)−Y +
Z

µ

∥∥∥∥2

F
(35)

Firstly, we unfold the tensor Pt+1 and obtain the matrix
Pt+1. Then, we have a closed form solution to the problem
in (Eq.35):

Yt+1= max

((
αWt+1Q + µt

(
Pt+1 +

Zt

µt

))
/
(
α+ µt

)
, 0

)
(36)

Next, we update the dual variables Zt+1 and the trade-off
parameter µt+1 as follows:

Zt+1 = Zt + µt
(
Pt+1 −Yt+1) (37)
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µt+1 = λµt (38)

Finally, the complete solution to problem (15) can be shown
in Algorithm 3, which is named OTC. In the Algorithm, ξ
identifies the stoping condition of the iteration solution, that
is, the iteration operations (in step 4-step 9) execute until the
distance of estimated tensors of two iteration rounds is smaller
than ξ.

Algorithm 3 OTC
Input: The observed tensor X
Output: The estimated complete tensor Pt+1.

1: Initial parameters: Wt > 0, diag (Wt) = 0, µt, Zt = 0,
λ > 1, t = 1

2: Pt = X , Yt = unfold (Pt), Q = unfold (X )
3: repeat
4: Given µt, Zt, and Yt, update Pt+1 by Algorithm.(2).
5: Given Yt, update Wt+1 by Eq.(30) and Eq.(31).
6: Given Zt, Wt+1, and Pt+1 update Yt+1 by Eq.(35).
7: Given Yt+1, Pt+1 update Zt+1 by Eq.(37).
8: Update µt+1 by Eq.(38).
9: t = t+ 1.

10: until (
‖Pt+1−Pt‖2

F

‖Pt‖2F
≤ ξ)

VIII. PERFORMANCE

Data set. We conduct extensive experiments using four
public network monitoring traces to evaluate the performance
of the proposed techniques, including two network traffic
traces (Abilene [15], GÈANT [16]), a network latency trace
Harvard226 [17]) and a throughput trace WS-DREAM [18]).

The Abilene network consists of 12 nodes thus 144 OD
pairs, with the monitoring data collected every 5 minutes in
168 days. The GÈANT network consists of 23 nodes thus
529 OD pairs, with the monitoring samples taken every 15
minutes in 112 days. In Harvard226, application-level RTTs
are measured between 226 Azureus clients every five minutes
in 72 hours. The WS-Dream records the throughput between
142 users and 4,500 Web services over 64 consecutive time
slices, at an interval of 15 minutes.

Instead of considering all entries, we care more about the
top-k entries. We define the following three metrics to evaluate
the accuracy of the top-k entries retrieved:

Definition 13: NDCG@k: In order to evaluate the accuracy
of order-preservation among all the algorithms, we denote
x as a vector of the ground-true monitoring data in a time
slot and p as a vector of the estimated monitoring data in
a time slot. π denotes a permutation by sorting x in the
decreasing order, and π̂ denotes a permutation by sorting
p in the decreasing order. π̂i denotes the position of the
i-th element in the permutation π̂. Let positive integer k
be a truncation threshold, the Discounted Cumulative Gains
(DCG@k) score and its normalized variant (NDCG@k) are
defined respectively as DCG@k (x, π̂) =

∑k
i=1

π̂i

log(i+1) and

NDCG@k (x, π̂) = DCG@(x,π̂)
DCG@(x,π) .

As the score of NDCG@k is bounded by [0, 1], NDCG@k
is maximized when the permutation of the top-k ground-truth
data is equal to the permutation of the top-k estimated entries.

Definition 14: Precision@k: In order to evaluate the accu-
racy of order-preservation among all the algorithms, we denote
x as a vector of the ground-true monitoring data in a time
slot, and let the positive integer k be a truncation threshold.
We define the precision as Precision@k = |Φ(k)|∩|Ψ(k)|

|Ψ(k)| , where
Φ (k) represents the indexes (i, j) set of estimated top-k entries
and Ψ (k) represents the indexes (i′, j′) set of ground-truth
top-k entries.

As the score of Precision@k is bounded by [0, 1], the
Precision@k is maximized when the set Φ (k) is equal to
Ψ (k), which means the indexes (i, j) of the top-k entries in
the ground-truth data and estimated data are equal.

Definition 15: The TopNMAE@k: In order to evaluate
the accuracy of the estimated monitoring data among all the
algorithms, we denote xk =

{
xk1 , · · · , xkk

}
as a vector of the

top-k ground-true monitoring data in a time slot, and denote
pk =

{
pk1 , · · · , pkk

}
as a vector of the estimated values of

xk1 , · · · , xkk. Then we have TopNMAE@k =
∑k

i=1 |xk
i−p

k
i |∑k

i=1 |xk
i |

.

We empirically set k = 20 and k = 50 and the resulted
NDCG@20, Precision@20, TopNMAE@20, NDCG@50,
Precision@50 and TopNMAE@50,are the average values of
all time slots monitored.

A. Convergence behavior

As shown in Algorithm.3, our Order-preserved Tensor Com-
pletion algorithm (termed OTC) involves an iteration process
that updates the five parameters iteratively. To evaluate the
convergence behavior, we use the metric Root Mean Square

Error defined as RMSE =

I∑
i=1

J∑
j=1

K∑
k=1

(xijk−pijk)2

I×J×K , where xijk
and pijk are the raw and estimated data values. Fig.5 shows
that OTC converges quickly in a few iterations for all four
monitoring data traces.

Fig. 5. The convergence behavior under different data traces.

B. Performance comparison

Besides our proposed OTC, we implement other four tensor
completion algorithms based on different tensor decomposition
techniques to estimate the top-k largest monitoring data. LTC
[9] is the localized tensor completion algorithm based on
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CP factorization, DTC [23] is a discrete tensor completion
based on CP factorization, Tucker is the tucker based tensor
completion proposed in [36], and T-SVD is the t-SVD based
tensor completion proposed in [31].

Besides above four algorithms, we implement the OTC-
NoOrder algorithm which adopts the OTC algorithm without
the order-preserved constraint.

In our proposed model, we set the δ = 0.01, α = 1, and
β = 0.5 in problem (Eq.(14)).

1) The accuracy of order-preservation
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Fig. 6. The NDCG@20 of different sample ratio among different data traces.

0.1 0.3 0.5 0.7 0.9
Sample ratio

0.7

0.8

0.9

Pr
ec

sio
n@

20

Abilene

0.1 0.3 0.5 0.7 0.9
Sample ratio

0.5

0.6

0.7

0.8

0.9

1.0

Pr
ec

sio
n@

20

GEANT

0.1 0.3 0.5 0.7 0.9
Sample ratio

0.2

0.4

0.6

0.8

Pr
ec

sio
n@

20

Harvard226

0.1 0.3 0.5 0.7 0.9
Sample ratio

0.3

0.4

0.5

0.6

0.7

Pr
ec

sio
n@

20

WS-DREAM

OTC
OTC-NoOrder

T-SVD
LTC

Tucker
DTC

Fig. 7. The Precsion@20 of different sample ratio among different data
traces.

We evaluate the accuracy of order-preservation among all
the algorithms using the metrics NDCG@20, Precsion@20,

Fig. 8. The NDCG@50 of different sample ratio among different data traces.
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Fig. 9. The Precsion@50 of different sample ratio among different data
traces.

NDCG@50 and Precsion@50. Higher NDCG@20,
Precsion@20, NDCG@50 and Precsion@50 mean more
accurate order-preservation.

As shown in Fig.6, Fig.7, Fig.8 and Fig.9 show that,
NDCG@20, Precsion@20, NDCG@50 and Precsion@50
increase with the increase of sample ratio with more data
observed.

Compared with other algorithms, our proposed OTC
achieves the best performance by estimating the missing data
with more accurate order. Although OTC-NoOrder achieves
better performance than the other algorithms, its performance
is still lower than that of OTC, which demonstrates that the
order-preserved constraint in our OTC is effective.
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As shown in Fig.8, NDCG@50 of our proposed OTC is
over 0.93 evaluated under the Harvard226 data trace with
the sampling ratio of 10%, while the other baselines can not
achieve 0.93 for NDCG@50 even when the sampling ratio
is over 80%. This demonstrates that our proposed OTC can
make the permutation of estimated data more similar to the
permutation of ground-truth data.

2) The accuracy of estimated top-k largest monitoring data
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Fig. 10. The TopNMAE@20 of different sample ratio among different data
traces.

0.1 0.3 0.5 0.7 0.9
Sample ratio

0.2

0.4

0.6

0.8

1.0

To
pN

M
AE

@
50

Abilene

0.1 0.3 0.5 0.7 0.9
Sample ratio

0.2

0.4

0.6

0.8

To
pN

M
AE

@
50

GEANT

0.1 0.3 0.5 0.7 0.9
Sample ratio

0.2

0.4

0.6

0.8

To
pN

M
AE

@
50

Harvard226

0.1 0.3 0.5 0.7 0.9
Sample ratio

0.2

0.4

0.6

0.8

1.0

To
pN

M
AE

@
50

WS-DREAM

OTC
OTC-NoOrder

T-SVD
LTC

Tucker
DTC

Fig. 11. The TopNMAE@50 of different sample ratio among different data
traces.

We evaluate the accuracy of the estimated monitoring data
using all the algorithms with the metrics TopNMAE@20
and TopNMAE@50, while the lower TopNMAE@20 and

TopNMAE@50, mean a higher accuracy of the estimated
top-k largest monitoring data.

As shown in Fig.10 and Fig.11, TopNMAE@20 and
TopNMAE@50 decrease with the increase of the sample
ratio. With more measurement samples, the tensor completion
model can more accurately capture the hidden structure of
the monitoring data to improve the estimation accuracy of the
top-k largest monitoring data.

In these figures, we can find that, our proposed OTC
and OTC-NoOrder achieve the lowest TopNMAE@20 and
TopNMAE@50 in the cases of all sample ratios and all data
traces. This demonstrates that our proposed OTC and OTC-
NoOrder can more accurately capture the low-rank property
of the monitoring data to increase the estimation performance
of missing data.

In summary, compared with the state of the art tensor
completion algorithms, our proposed OTC can provide more
accurate missing data estimation and retrieval of top-k large
entries, due to the integration of tighter low-rank constraint
and order information in our model.

IX. CONCLUSION

To estimate the missing monitor data while preserving the
data entries’ order in the data set, this paper proposes a
novel order-preserved tensor completion model that integrates
both the low rank property and the order information into a
joint learning problem for the estimation of missing data in
network monitoring. In this model, we not only propose a
novel nonconvex function to directly approximate the tensor
rank, but also propose an order-preserved constraint under the
linear self-recovery method that can be easily integrated with
the tensor completion model. We also propose an ADMM-
based algorithm to reformulate the proposed tensor completion
problem into convex subproblems over each individual vari-
able and solve them iteratively. We have conducted extensive
experiments using four real data sets, including two network
traffic data sets, a network delay data set, a network throughput
data set. The experimental results show that our proposed
approach outperforms five state-of-the-art methods both on the
accuracy of estimating the missing data and on the accuracy
in retrieving the largest top-k entries from the estimated data.
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