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Ring Decomposition
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Abstract— Deep neural networks (DNNs) have made great
breakthroughs and seen applications in many domains. However,
the incomparable accuracy of DNNs is achieved with the cost
of considerable memory consumption and high computational
complexity, which restricts their deployment on conventional
desktops and portable devices. To address this issue, low-rank
factorization, which decomposes the neural network parameters
into smaller sized matrices or tensors, has emerged as a promising
technique for network compression. In this article, we pro-
pose leveraging the emerging tensor ring (TR) factorization
to compress the neural network. We investigate the impact of
both parameter tensor reshaping and TR decomposition (TRD)
on the total number of compressed parameters. To achieve
the maximal parameter compression, we propose an algorithm
based on prime factorization that simultaneously identifies the
optimal tensor reshaping and TRD. In addition, we discover that
different execution orders of the core tensors result in varying
computational complexities. To identify the optimal execution
order, we construct a novel tree structure. Based on this structure,
we propose a top-to-bottom splitting algorithm to schedule the
execution of core tensors, thereby minimizing computational
complexity. We have performed extensive experiments using
three kinds of neural networks with three different datasets.
The experimental results demonstrate that, compared with the
three state-of-the-art algorithms for low-rank factorization, our
algorithm can achieve better performance with much lower
memory consumption and lower computational complexity.

Index Terms— Neural network compression, tensor ring (TR)
factorization.

NOMENCLATURE
Symbol Definition
X ∈ RI1×I2×···×Id d-order tensor X .
X ∈ RI1×I2 Matrix X with the size of I1 × I2.
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x ∈ RI1 Vector x with the size of I1.
Xi1,i2,...,id (i1, i2, . . . , id) element of tensor X .
B Batch size of training samples.
CR−Conv /
CR−FC Parameter compression ratio of

convolutional layers or fully con-
nected layers.

Speedup−Conv /
Speedup−Conv Speedup in computational complex-

ity of convolutional layers or fully
connected layers.

I. INTRODUCTION

RECENTLY, deep neural networks (DNNs) have made
great breakthroughs and found applications in various

domains, including natural language processing [1], [2], [3],
semantic segmentation [4], as well as image and video recog-
nition [5]. These networks typically consist of millions of
parameters, requiring hundreds of megabytes for storage, and
cost a huge amount of time for processing. Moreover, each
evolution in the architecture of neural networks brings a
continuous increase in the number of parameters, further exac-
erbating the storage and processing requirements. As a result,
the deployment of DNNs on resource-limited conventional
desktops and portable devices becomes challenging. Therefore,
it is critical to reduce the number of parameters and the
complexity of processing for the practical use of DNNs.

Considering that a large number of parameters in the neural
network are redundant [6], a series of studies have been
conducted to compress the neural network, using methods
such as low-rank factorization [7], [8], [9], [10], pruning [11],
[12], slimming [13], and knowledge distillation [14], [15].
Among these network compression techniques, the ones based
on low-rank factorization are the most effective. They fac-
torize the parameters of the neural network into smaller
matrices/tensors through matrix/tensor decomposition, which
can efficiently reduce the number of parameters without com-
promising the accuracy of the neural network [16].

Among the compression algorithms that utilize low-rank
factorization, those based on tensor factorizations are promis-
ing to achieve better performance compared with techniques
using the matrix factorization (MF). This is because tensors are
higher order extensions of two-order matrices, and tensor mod-
els have a stronger ability to represent complex and high-order
information hidden in the parameters [17]. Doubtlessly, the
obvious differences among the inner structures of different
factorization algorithms may be one of the most important
reasons that determine the performance of the corresponding
compressed DNNs. We notice that unlike traditional tensor
factorizations such as CP decomposition [18], [19] and Tucker
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decomposition [20], [21], [22], the structure of the emerging
tensor ring (TR) decomposition [23] is more flexible. It can
represent a high-order tensor by the circular product of a
sequence of third-order core tensors, which makes TRD pow-
erful to capture complex information hidden in the parameters
of neural networks. Therefore, we design our compression
scheme based on TRD.

Although promising, designing an efficient compression
scheme based on TRD poses several challenging issues that
need to be addressed.

1) How to decompose the parameters in neural networks
through TRD to achieve the maximum compression
ratio? To compress the neural network exploiting TRD,
we should first reshape the kernel tensor and weight
matrix in the network to a high-order tensor. The size of
the reshaped tensor directly impacts the sequence of core
tensors obtained by the TRD, which further impacts the
compression ratio. To maximize the compression ratio,
we need to identify the optimal core tensor sequence by
jointly optimizing the procedures of parameter reshaping
and TRD.

2) How to minimize the computational complexity under
TRD? After the parameters are compressed and rep-
resented by a sequence of core tensors under TRD,
to support forward propagation, we should perform
tensor contractions upon these core tensors. We observe
that different contraction execution orders of these core
tensors result in different computational complexities.
To minimize the computational complexity, we need to
identify the optimal execution order.

To address the above challenging issues, we make the
following technical contributions.

1) For both convolutional layers and fully connected lay-
ers in DNNs, we derive the relationship between the
number of parameters and the sequence of core tensors
under TRD. Based on which, we propose a prime
factorization-based algorithm to identify the optimal
core tensor sequence by jointly optimizing the pro-
cedures of parameter reshaping and the TRD so that
to achieve the maximum parameter compression ratio.
We are not aware of any existing studies investigating
to compress neural networks considering such joint
optimization.

2) To identify the optimal execution order when performing
tensor contractions, we build a novel tree structure.
Based on this structure, we propose a top-to-bottom
splitting algorithm to schedule the contraction execution
order of core tensors, thereby minimizing the computa-
tional complexity of the compressed network.

3) We implement our algorithm in three popular neural
networks with three different datasets. The experimental
results demonstrate that compared with three state-of-
the-art algorithms based on low-rank factorization, our
algorithm can achieve better performance with much
lower memory consumption and lower computational
complexity.

The rest of this article is organized as follows. In Section II,
we discuss related work and basic preliminaries on neural
network compression. In Section III, we outline the parameter
minimization problem in compressing the neural network
based on TRD and present our solution based on prime
factorization. In Section IV, we present our algorithm for

the scheduling of the execution order of the core tensors
to minimize the computational complexity. We provide the
complete solution and evaluate our proposed techniques in
Sections V and VI, respectively. Finally, we conclude the work
in Section VII.

II. RELATED WORK AND PRELIMINARY

A. Related Works

Among low-rank factorization compression algorithms,
MF-based methods [7], [24], [25] decompose the large weight
matrix into smaller matrices. Although they can achieve good
compression performance, as 2-D matrix can only capture
two-order information in parameters, the precision of the
neural network may be reduced. For instance, the singular
value decomposition-based MF method in [7] can reduce up
to 30% parameters in the weight matrix, but it may also lead
to a loss of up to 10% in accuracy [9].

Tensors, as a high-order extension of the two-order matrix,
can capture complex and high-dimensional information [26].
A few literature studies have investigated network compression
based on low-rank tensor factorization [18], [20], [27], [28],
[29], [30], [31], [32], [33], [34], [35], [36]. For instance, Liu
and Ng [30] propose a tucker decomposition-based algorithm
to compress DNNs by considering both the nonlinear response
and the multilinear low-rank constraint in the kernel tensor.
The work by Wang et al. [33] compresses the network by
utilizing CP decomposition, which offers both space and
computational efficiency through accelerated multiplication.
These initial studies show that, compared with MF-based
algorithms, tensor factorization-based methods can achieve a
higher compression ratio with less accuracy loss [37].

However, methods based on CP decomposition and tucker
decomposition may inevitably suffer from the “curse of dimen-
sionality” [38]. That is, as the spatial dimension increases, the
volume of indexes also increases. Tensor train decomposition
(TTD) can avoid the “curse of dimensionality” by representing
a tensor as linked core tensors with restricted orders [27].
However, the tensor train (TT) model highly depends on
permutations of tensor dimensions [39], due to its use of
strictly sequential multilinear products over latent cores, which
leads to difficulties in finding the optimal TT representation.

In order to alleviate these drawbacks, a novel tensor decom-
position method based on TRD has been proposed in [23].
TRD removes the unit rank constraints for the boundary tensor
cores. In addition, the multilinear products between tensor
cores are not required to strictly follow a specific order, and
the tensor core can be circularly shifted. Therefore, TRD can
offer a more powerful and generalized representation [40].

A limited number of recent studies [41], [42], [43] have
investigated the effectiveness of neural network compression
using TRD. For instance, the work by Yu et al. [43] proposes
a low-rank sparse TR completion method by imposing the
Frobenius norm regularization on its latent space. Although
these studies are effective, none of them have considered
the significant influence of core tensor size and execution
order on the compression ratio and computational complexity.
Without a proper design, the compression performance may
still be not high.

In this article, we discover that both the reshaping and TRD
of the weight tensor impacts the total number of compressed
parameters. Furthermore, we also find that different execution
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Fig. 1. Examples of tensor contraction. (a) Tensor contraction of two
three-order tensors in a single common order yields a four-order tensor
W ∈ RI2×I3×J1×J2 . (b) Tensor contraction of two three-order tensors in two
orders yields a matrix W ∈ RI3×J2 . (c) Tensor contraction of two three-order
tensors in all orders yields a scalar.

orders of the core tensor result in varying computational
complexity in the neural network. Based on these observa-
tions, we propose a prime factorization-based algorithm in
Section III to maximally compress the number of parameters,
and a scheduling algorithm in Section IV to determine the exe-
cution order that can minimize the computational complexity
in the neural network.

B. Preliminary
This section briefly reviews some preliminaries, a list of the

frequently used symbols is provided in the Nomenclature.
1) Tensor Contraction: Tensor contraction is a fundamen-

tal and important operation that is considered as a higher
dimensional analog of matrix multiplication, inner product,
and outer product. The tensor contraction of tensors A ∈

RI1×I2×···×IN and B ∈ RJ1×J2×···×JM over the order with
the same dimension In = Jm (where 1 ≤ n ≤ N and
1 ≤ m ≤ M), yields an (N + M − 2)-order tensor C ∈

RI1×···×In−1×In+1×···×IN ×J1×···×Jm−1×Jm+1×···×JM , where the com-
mon order is reduced, the entries in C can be computed as
follows:

Ci1,...,in−1,in+1,...,iN , j1,..., jm−1, jm+1,..., jM

=

In∑
in=1

Aai1 ,...,in−1 ,in ,in+1 ,...,iN
Bb j1 ,..., jm−1 , jm , jm+1 ,..., jM

. (1)

The operation of (1) is referred to as a contraction of two
tensors in a single common order, but tensors can be contracted
in several orders or even in all orders, Fig. 1 shows the
examples of tensor contraction.

2) Tensor Ring Decomposition: For a given d-order tensor
X ∈ RI1×I2×···×Id , the TRD aims to represent it by a sequence
of three-order tensors that are multiplied circularly. More
specifically, a tensor X can be decomposed into d core tensors
X i

∈ RRi ×Ii ×Ri+1 , i = 1, 2, . . . , d , expressed as follows:

Xi1,i2,...,id =

R1,...,Rd∑
r1,...,rd=1

X 1
r1,i1,r2

X 2
r2,i2,r3

, . . . , Xd
rd ,id ,rd+1

(2)

where Xi1,i2,...,id denotes (i1, i2, . . . , id)th element of the tensor,
and R1, R2, . . . , Rd are the TR ranks. Note that any two adja-
cent core tensors, X i and X i+1, have an equal dimension Ri+1
on their corresponding order, and Rd+1 = R1 in particular.

Fig. 2 shows the diagram representation of a TRD of a
d-order tensor X . As shown in Fig. 2, to store the original
tensor X , we need to store all the entries, and the total
number of entries is

∏d
i=1 Ii . After TRD, the original tensor

can be represented by a set of small three-order tensors, and
the number of entries to be stored become

∑d
i=1 Ri Ii Ri+1

correspondingly, where Rd+1 = R1. As Ri is usually a
smaller value,

∑d
i=1 Ri Ii Ri+1 is largely smaller than

∏d
i=1 Ii .

Fig. 2. TRD.

Therefore, compressing parameters in neural network through
TRD is a feasible solution.

III. COMPRESSING NEURAL NETWORK WITH TRD
A typical DNN generally consists of convolutional layers

and fully connected layers. For example, VGG16 consists
of 13 convolutional layers and three fully connected layers.
In this section, we investigate the compression ratio of both the
convolutional and fully connected layers, which is dependent
on the size of the reshaped tensor and the correspond-
ing TRD. To achieve the maximum parameter compression
ratio, we propose an algorithm based on prime factorization.
This algorithm simultaneously determines the optimal tensor
reshaping and TRD. We first demonstrate our compression
algorithms for convolutional layers in Section III-A and for
fully connected layers in Section III-B. Then, we present our
prime factorization-based algorithm in Section III-C.

A. Compressing the Convolutional Layer
For a convolutional layer with a three-order input tensor

X ∈ RH×W×I , the three-order output tensor Y ∈ RH ′
×W ′

×O

can be calculated by mapping the input with the convolution
of a four-order kernel tensor W ∈ RI×O×K×K . The mapping
can be described as follows:

Yh′,w′,o =

I∑
i=1

K∑
k1,k2=1

Wi,o,k1,k2Xh,w,i (3)

where K , I , and O are the spatial channels, input channels,
and output channels, respectively.

In visual scenarios, the dimensions of I and O are relatively
big. For example, in the LeNet5 model, the kernel size of
the second convolutional layer is (5 × 5 × 32 × 64). In this
case, the dimensions of I and O correspond to 32 and 64,
respectively. To conduct the convolutional layer compression,
a straightforward way of applying TRD is to directly decom-
pose the kernel tensor W ∈ RI×O×K×K , expressed as follows:

Wi,o,k1,k2 =

R1,...,R4∑
r1,...,r4=1

W1
r1,i,r2

W2
r2,o,r3

W3
r3,k1,r4

W4
r4,k2,r5

where W1
∈ RR1×I×R2 , W2

∈ RR2×O×R3 , W3
∈ RR3×K×R4 ,

and W4
∈ RR4×K×R5 are the core tensors, and R1 , . . . , R5 are

the TR ranks with R5 = R1. After compression, the number
of parameters in the convolutional layer is R1 K R2 + R2 K R3 +

R3 I R4+R4 O R5. However, with big I and O , the compression
performance is still not high.

To achieve a higher compression ratio, we propose to
reshape the convolutional kernel, expressed as follows:

W ∈ RI×O×K×K
→ W ∈ RI1×···×Im×O1×···×On×K×K (4)

where the reshaping satisfies
∏m

i=1 Ii = I and
∏n

j=1 O j = O .
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Along with the kernel tensor reshaping, to support tensor
calculations, the input and output should be also reshaped,
expressed as follows:

X ∈ RH×W×I
→ X ∈ RH×W×I1×···×Im (5)

Y ∈ RH ′
×W ′

×O
→ Y ∈ RH ′

×W ′
×O1×···×On . (6)

After reshaping, the convolution operation in (3) can be
rewritten as follows:

Yh′,w′,o1,...,on

=

I1,...,Im∑
i1,...,im=1

K∑
k1,k2=1

Wi1,...,im ,o1,...,on ,k1,k2Xh,w,i1,...,im . (7)

To compress the convolutional layer, we exploit TRD to
decompose the reshaped kernel tensor as follows:

Wi1,...,im ,o1,...,on ,k1,k2

=

R1,...,Rm+n+2∑
r1,...,rm+n+2=1

W1
r1,i1,r2

, . . . ,Wm
rm ,im ,rm+1

Wm+1
rm+1,o1,rm+2

, . . . ,

×Wm+n
rm+n ,on ,rm+n+1

Wm+n+1
rm+n+1,k1,rm+n+2

Wm+n+2
rm+n+2,k2,rm+n+3

(8)

where Wm+n+1
∈ RRm+n+1×K×Rm+n+2 , Wm+n+2

∈

RRm+n+2×K×Rm+n+3 , W i
∈ RRi ×Qi ×Ri+1 are the core tensors, and

Qi =

{
Ii , 1 ≤ i ≤ m
Oi−m, m + 1 ≤ i ≤ m + n.

R1, R2, . . . , Rm+n+3 are the TR ranks with Rm+n+3 = R1.
Using the core tensors obtained in (8), the convolution

operation in (7) can be rewritten as follows:

Yh′,w′,o1,...,on

=

Rm+1,Rm+n+1∑
rm+1,rm+n+1=1

WO
rm+1,o1,...,on ,rm+n+1

×

 K∑
k1,k2=1

R1∑
r1=1

WK
rm+n+1×k1×k2×rm+n+3

×

 I1,I2,...,Im∑
i1,i2,...,im=1

Xh,w,i1,i2,...,imW I
r1,i1,i2,...,im ,rm+1

 (9)

where

W I
r1,i1,...,im ,rm+1

=

R2,...,Rm∑
r2,...,rm=1

W1
r1,i1,r2

, . . . ,Wm
rm ,im ,rm+1

(10a)

WO
rm+1,o1,...,on ,rm+n+1

=

Rm+2,...,Rm+n∑
rm+2,...,rm+n=1

Wm+1
rm+1,o1,rm+2

, . . . ,

Wm+n
rm+n ,on ,rm+n+1

(10b)

and

WK
rm+n+1,k1,k2,rm++n+3

=

Rm+n+2∑
rm+n+2=1

Wm+n+1
rm+n+1,k1,rm+n+2

×Wm+n+2
rm+n+2,k2,rm+n+3

. (11)

We refer these three tensors W I , WO , and WK as the
intermediate tensors in the remainder of this article.

According to (9), the original convolution operation
in (7) can be divided into three sequential suboperations,

Fig. 3. (a) Original convolution operation in (7). (b) Divide original
convolution operation in (7) into suboperations in (12)–(14).

as expressed in (12)–(14). Fig. 3 illustrates the relationship
between the original convolution operation and the three
suboperations

Qh,w,r1,rm+1 =

I1,...,Im∑
i1,...,im=1

Xh,w,i1,...,imW I
r1,i1,...,im ,rm+1

(12)

Zh′,w′,rm+1,rm+n+1 =

K∑
k1,k2=1

R1∑
r1=1

Qh,w,r1,rm+1

× WK
rm+n+1×k1×k2×rm+n+3

(13)

Yh′,w′,o1,...,on =

Rm+1,Rm+n+1∑
rm+1,rm+n+1=1

Zh′,w′,rm+1,rm+n+1

× WO
rm+1,o1,...,on ,rm+n+1

. (14)

B. Compressing the Fully Connected Layer
For a fully connected layer with an input feature vector

x ∈ RI , the output feature vector y ∈ RO can be calculated
by

y = Wx (15)

where W ∈ RI×O is the weight matrix.
To compress the weight matrix exploiting TRD, we should

first reshape the weight matrix W ∈ RI×O into a tensor form,
which can be expressed as follows:

W ∈ RI×O
→ W ∈ RI1×···×Im×O1×···×On (16)

where W is the weight tensor reshaped with Ii and O j
satisfying

∏m
i=1 Ii = I and

∏n
j=1 O j = O .

Along with the reshaping of the weight matrix, the input
and output should be reshaped into tensor forms to support
tensor calculations. This can be expressed as follows:

x ∈ RI
→ X ∈ RI1×···×Im

y ∈ RO
→ Y ∈ RO1×···×On .

After the reshaping, the operation in (15) can be rewritten
as follows:

Yo1,...,on =

I1,...,Im∑
i1,...,im=1

Wi1,...,im ,o1,...,onXi1,...,im . (17)
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To compress the fully connected layer, we exploit TRD to
decompose the reshaped weight tensor, which can be expressed
as follows:

Wi1,...,im ,o1,...,on

=

R1,...,Rm+n∑
r1,...,rm+n=1

W1
r1,i1,r2

W2
r2,i2,r3

, . . . ,

Wm
rm ,im ,rm+1

Wm+1
rm+1,o1,rm+2

, . . . ,Wm+n
rm+n ,on ,rm+n+1

(18)

where W i
∈ RRi ×Qi ×Ri+1 are the core tensors

Qi =

{
Ii , 1 ≤ i ≤ m
Oi−m, m + 1 ≤ i ≤ m + n.

R1, R2, . . . , Rm+n+1 are the TR ranks with Rm+n+1 = R1.
Using the core tensors obtained in (18), operation in (17)

can be rewritten as follows:

Yo1,...,on =

Rm+1,Rm+n+1∑
rm+1,rm+n+1=1

WO
rm+1,o1,...,on ,rm+n+1

×

 I1,...,Im∑
i1,...,im=1

Xi1,...,imW I
r1,i1,...,im ,rm+1

 (19)

where

W I
r1,i1,...,im ,rm+1

=

R2,...,Rm∑
r2,...,rm=1

W1
r1,i1,r2

, . . . ,Wm
rm ,im ,rm+1

(20a)

WO
rm+1,o1,...,on ,rm+n+1

=

Rm+2,...,Rm+n∑
rm+2,...,rm+n=1

Wm+1
rm+1,o1,rm+2

, . . . ,

Wm+n
rm+n ,on ,rm+n+1

. (20b)

According to (19), the original operation in (17) can be
divided into two sequential suboperations in (21) and (22).
Fig. 4 illustrates the relationship between the original operation
and the two suboperations

Zr1,rm+1 =

I1,...,Im∑
i1,...,im=1

Xi1,...,imW I
r1,i1,...,im ,rm+1

(21)

Yo1,...,on =

Rm+1,Rm+n+1∑
rm+1,rm+n+1=1

Zr1,rm+1WO
rm+1,o1,...,on ,rm+n+1

. (22)

C. Achieving Maximum Compression Ratio With
Prime Factorization

As discussed in Sections III-A and III-B, achieving network
compression involves reshaping the kernel tensor in the con-
volutional layer and the weight matrix in the fully connected
layer. However, a given kernel tensor W ∈ RI×O×K×K or
a weight matrix W ∈ RI×O can be reshaped into multiple
candidate high-order tensors that satisfy

∏m
i=1 Ii = I and∏n

j=1 O j = O . Different high-order tensors can be decom-
posed into varying sequences of core tensors through TRD,
resulting in different numbers of parameters in the compressed
network. To achieve the maximum compression ratio, the
tensor reshaping and TRD should be jointly considered.

In (8), the high-order kernel tensor W in the convolutional
layer is decomposed into a sequence of core tensors, including

Fig. 4. (a) Operation in (17). (b) Divide (17) into suboperations as (21)
and (22).

Wm+n+1
∈ RRm+n+1×K×Rm+n+2 , Wm+n+2

∈ RRm+n+2×K×Rm+n+3 ,
and W i

∈ RRi ×Qi ×Ri+1 , where

Qi =

{
Ii , 1 ≤ i ≤ m
Oi−m, m + 1 ≤ i ≤ m + n

, Rm+n+3 = R1.

Similarly, in (18), the high-order weight tensor W in the
fully connected layer is decomposed into a sequence of core
tensors, each represented as W i

∈ RRi ×Qi ×Ri+1 , where

Qi =

{
Ii , 1 ≤ i ≤ m
Oi−m, m + 1 ≤ i ≤ m + n

, Rm+n+1 = R1.

After performing the TRD, instead of storing the large high-
order tensor, we only need to store the set of small core tensors
as the parameters of the compressed neural network. Defining
PConv and PFC as the number of parameters in the compressed
convolutional layer and compressed fully connected layer,
respectively, we have

PConv =

m∑
i=1

(Ri Ii Ri+1) +

n∑
j=1

(Rm+ j O j Rm+ j+1)

+ Rm+n+1 K Rm+n+2 + Rm+n+2 K Rm+n+3

PFC =

m∑
i=1

(Ri Ii Ri+1) +

n∑
j=1

(Rm+ j O j Rm+ j+1).

To maximize the compression ratio, we should solve the
following problems:

min
{I1,O1},...,{Im ,On}

m∑
i=1

(Ri Ii Ri+1) +

n∑
j=1

(Rm+ j O j Rm+ j+1)

+ Rm+n+1 K Rm+n+2 + Rm+n+2 K Rm+n+3

s.t.
m∏

i=1

Ii = I,
n∏

j=1

O j = O. (23)

min
{I1,O1},...,{Im ,On}

m∑
i=1

(Ri Ii Ri+1) +

n∑
j=1

(Rm+ j O j Rm+ j+1)

s.t.
m∏

i=1

Ii = I,
n∏

j=1

O j = O. (24)
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Given the TR ranks, Rm+n+1 K Rm+n+2 + Rm+n+2 K Rm+n+3
in (23) is fixed. Therefore, if the minimization problem in (24)
is solved, the above two problems can be solved.

To solve the problem in (24), we observe that the objective
functions

∑m
i=1(Ri Ii Ri+1),

∑n
j=1(Rm+ j O j Rm+ j+1) and the

constraints
∏m

i=1 Ii = I ,
∏n

j=1 O j = O are all independent.
Consequently, the minimization problem can be further decou-
pled into two subproblems

min
I1,...,Im

m∑
i=1

(Ri Ii Ri+1), s.t.
∏m

i=1 Ii = I (25a)

min
O1,...,On

n∑
j=1

(Rm+ j O j Rm+ j+1), s.t.
∏n

j=1 O j = O (25b)

where the first corresponds to a decomposition problem in the
input domain (i.e., related to I ), and the second corresponds
to another decomposition problem in the output domain (i.e.,
related to O).

Following the setting of study [41], [42], [44], [45], we set
R1 = R2 = · · · = Rm+n+3 = R for simplicity, and the scalar R
is referred as the TR rank in the remainder of this article. Then,
the problem in (25a) and (25b) can be rewritten as follows:

min
I1,...,Im

m∑
i=1

Ii s.t.
∏m

i=1 Ii = I (26a)

min
O1,...,On

n∑
i=1

Oi s.t.
∏n

j=1 O j = O . (26b)

Clearly, (26a) and (26b) can be formulated as integer
factorization problems. These problems involve decomposing
a composite number into smaller factors, while minimizing the
sum of these factors.

Before presenting our solution of (26a) and (26b), we first
provide Theorem 1.

Theorem 1: Suppose that there are two positive integers a
and b greater than 2, we must have a × b > a + b.

The detailed proof is presented in Appendix A.
According to Theorem 1, we can deduce that if I and O in

(26a) and (26b) can be decomposed as the product of some
small factors that can no longer be decomposed, the storage
cost can be minimized.

In number theory, prime factors are integers that can no
longer be decomposed into other smaller integers, besides
1 and itself. A prime factorization is a way of decomposing
a number as a product of its prime factors. An example of
prime factorization is 60 = 2 × 3 × 2 × 5, where 2, 3, and
5 are prime factors.

Therefore, we propose to solve the minimization problem
in (26a) and (26b) by using prime factorization. Theorem 2
confirms the feasibility of exploiting prime factorization to
solve our problems in (26a) and (26b).

Theorem 2: For a given integer N that satisfies N =∏n
i=1 Ni , where Ni is the factor and i = 1, 2, . . . , n, the sum

of these factors
∑n

i=1 Ni is the smallest when all the factors
are prime factors.

The detailed Proof of Theorem 2 is presented in the
Appendix B.

Fig. 5 shows an example to illustrate our solution. Fig. 5(a)
shows a small fully connected layer with weight matrix W ∈

R980×35, the number of parameters in the network is 34 300.
According to Theorem 2, we perform prime factorization
on 980 and 35 to obtain the set of prime factors used to

Fig. 5. (a) Example of a fully connected layer. (b) Fully connected layer
compression based on TRD.

determine the dimensions of the weight tensor, which is W ∈

R2×2×5×7×7×5×7, as shown in Fig. 5(b). Then, we decompose
the weight tensor exploiting TRD to get the set of core
tensors W1

∈ RR×2×R,W2
∈ RR×2×R,W3

∈ RR×5×R,W4
∈

RR×7×R,W5
∈ RR×7×R,W6

∈ RR×5×R , and W7
∈ RR×7×R .

D. Parameter Compression Ratio

For a convolutional layer with a four-order kernel tensor
W ∈ RK×K×I×O and a fully connected layer with a weight
matrix W ∈ RI×O , the number of parameters are K K I O and
I O , respectively.

Under TRD, the prime factorization of I and O determines
the sequence of core tensors. According to Theorem 2, if I
and O are decomposed as products of m and n prime factors,
respectively, we will get m + n core tensors denoted by W i

∈

RR×Ki ×R

Ki =

{
Ii , when 1 ≤ i ≤ m
Oi−m, when m + 1 ≤ i ≤ m + n

where Ii (i = 1, 2, . . . , m) are the prime factors of I , and O j
( j = 1, 2, . . . , n) are the prime factors of O .

Therefore, the parameter compression ratios CR−Conv and
CR−FC of the convolutional layer and the fully connected layer
can be, respectively, expressed as follows:

CR−Conv =
KKIO

R2
(

2K +
∑m

i=1 Ii +
∑n

j=1 O j

) (27)

CR−FC =
IO

R2
(∑m

i=1 Ii +
∑n

j=1 O j

) . (28)

In the example of Fig. 5, the value of I , O , m, n, I1, I2,
I3, I4, I5, O1, and O2 are 980, 35, 5, 2, 2, 2, 5, 7, 7, 5,
and 7, respectively. The parameters in the fully connected layer
before and after compressions are 34 300 and 35R2. When
R = 2, the compression ratio in this example is up to 245.

IV. MINIMIZING THE COMPLEXITY OF COMPUTATION

In this section, we investigate the computational cost of the
compressed network, which is determined by the sequence
in which the core tensors are contracted. To minimize the
computational cost, we build a novel tree structure and propose
a top-to-bottom splitting algorithm to schedule the contracting
execution order of core tensors.
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A. Computational Cost of Compressed Network
After network compression, to perform forward propagation

over the convolutional layer, the computational cost consists
of three parts.

1) Part 1: Performing tensor contractions upon core tensors
W i

∈ RRi ×Ii ×Ri+1 to obtain W I and performing tensor
contractions upon core tensors W j

∈ RR j ×I j ×R j+1 to
obtain WO where 1 ≤ i ≤ m, 1 ≤ j ≤ n.

2) Part 2: Performing tensor contractions upon core ten-
sors Wm+n+1

∈ RRm+n+1×K×Rm+n+2 and Wm+n+2
∈

RRm+n+2×K×Rm+n+3 to obtain the tensor WK .
3) Part 3: Performing (12)–(14) to obtain the output of the

convolutional layer.
To perform forward propagation over the fully connected

layer, the computational cost consists of two parts.
1) Part 1: Performing tensor contractions upon core tensors
W i

∈ RRi ×Ii ×Ri+1 to obtain W I , and performing tensor
contractions upon core tensors W j

∈ RR j ×I j ×R j+1 to
obtain WO where 1 ≤ i ≤ m, 1 ≤ j ≤ n.

2) Part 2: Performing (21) and (22) to obtain the output of
the fully connected layer.

In this article, we use the number of additions and multipli-
cations floating point operations (FLOPs) [41] as the metric
to measure the complexity of computation.

Given the TR ranks, the number of FLOPs of part 2 in the
convolutional layer is a fixed value. The number of FLOPs
in (12)–(14), (21), and (22) are 2R2 H W I , 2R3 K K H W ,
2R2 H ′W ′O , 2R2 I , and 2R2 O , respectively. Apparently, as H ,
W , I , O , K , H ′, and W ′ are fixed values in a given model,
the computational costs for part 3 in the convolutional layer
and part 2 in the fully connected layer are fixed as well.

Thus, to minimize the computational complexity in both
the convolution layer and the fully connected layer, we should
optimize the procedure of tensor contractions in part 1 while
obtaining W I and WO .

B. Computational Complexity Under Different
Contraction Order

The tensors W I and WO are obtained by executing a
sequence of tensor contractions upon multiple core tensors.
In the examples shown in Fig. 6, we use the tensor W I

∈

R2×2×5×7×7 from Fig. 5 as an example to demonstrate how
different orders of tensor contractions for the core tensors can
result in varying computational costs.

In Fig. 6, the core tensors are W1
∈ RR×2×R , W2

∈

RR×2×R , W3
∈ RR×5×R , W4

∈ RR×7×R , and W5
∈ RR×7×R .

In Fig. 6(a), core tensors W1
∈ RR×2×R and W2

∈ RR×2×R

are contracted first, resulting in an R × 2 × 2 × R tensor
with contraction cost being 2 × 2 × 2 × R3

= 8R3 FLOPs.
Then by further contracting core tensors W3

∈ RR×5×R ,
W4

∈ RR×7×R and W5
∈ RR×7×R sequentially, we obtain

the large root tensor in Fig. 6(a). The total number of FLOPs
in Fig. 6(a) is obtained by summing up the FLOPs involved
in each tensor contraction, resulting in a value of 2288R3.

In Fig. 6(c), the contractions are performed in a different
order, leading to a distinct computational cost. The total
number of FLOPs in this case is 2106R3.

C. Scheduling the Execution Order of the Core Tensors
In Section IV-B, we already know that given a set of core

tensors, different contraction execution orders upon the core
tensors result in different computational costs. To minimize

Fig. 6. FLOPs under different execution schemes. (a) and (c) Two different
execution schemes. (b) and (d) Tree diagrams of (a) and (c), respectively.

the computational cost in the compressed neural network,
we should well schedule the contraction execution order of
the core tensors. We call this problem as a computational
scheduling problem.

Before we design our scheduling algorithm, we first provide
Fig. 6(b) and (d) as the tree diagrams of Fig. 6(a) and (c),
respectively. Each box corresponds to a node in the tree that
has two attributes.

1) Dim, denotes the dimensions of the tensor, e.g., the
dimensions R × 2 × 2 × 5 × 7 × 7 × R of the node
(a) is abbreviated as 2 × 2 × 5 × 7 × 7.

2) FLOPs, denotes the number of FLOPs incurred by tensor
contraction to get that node, e.g., the FLOPs of the node
(a) is abbreviated as 2 × 2 × 2 × 5 × 7 × 7 × R3.

Following features can be observed in the two tree diagrams.
1) The Dim of all nonleaf nodes is the product of the

Dim of their left child node and right child node, e.g.,
(c1) and (c2) are, respectively, the left child node and
right child node of node (b1). We have (b1)“.”Dim =

(c1).Dim × (c2)“.”Dim.
2) The number of FLOPs of all nonleaf nodes is the

product of the Dim of their left child node and right
child node multiplied by 2R3, e.g., (b1)“.”FLOPs =

(c1)“.”Dim × (c2)“.”Dim × 2R3.
3) The number of FLOPs of all nonleaf nodes is the

product of their own Dims multiplied by 2R3, e.g.,
(b1).FLOPs = (b1).Dim × 2R3.

4) The root node corresponds to the final contraction result
W I and WO . Given the same set of core tensors,
different trees have the same final contraction result, thus
the same root.

5) Leaf nodes correspond to the core tensors. Different
trees have the same set of leaf nodes. Although the leaf
node is not a contraction result, we set the FLOPs of
the leaf node to 0 for the convenience of presentation.

Based on the tree model, one execution order corresponds to
one tree. The computational cost of one execution order is the
sum of FLOPs of all nonleaf nodes in the tree. Consequently,
within the tree model, the computational scheduling problem
can be reformulated as a tree-building problem: given leaf
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Fig. 7. FLOPs under optimal execution order. (a) Tree diagram of the optimal
execution order. (b) FLOPs under optimal execution order.

nodes, build a binary tree to achieve the lowest computational
cost.

Before we present our tree-building algorithm, we provide
Theorem 3.

Theorem 3: Suppose that there are two positive integers a
and b greater than 2. When the product of a and b is a fixed
constant, the smaller the difference |a − b| between the two
integers, the smaller the sum a + b of the two numbers.

The detailed Proof of Theorem 3 is presented in the
Appendix C.

When examining the trees in Fig. 6(b) and (d), we can
observe two perspectives on the tree construction process.
First, from a bottom–up perspective, the tree building can be
seen as executing a sequence of tensor contractions. Second,
from a top–bottom viewpoint, the tree building can be seen as
executing a sequence of splitting operations, gradually splitting
parent nodes from the root node to the leaf nodes (core
tensors).

Based on Theorem 3, we propose an algorithm to build the
tree by splitting the node from the top to the bottom in the
following way.

1) Splits start from the root, splitting ends until reaching
the leaf nodes (core tensors).

2) Each splitting satisfies a splitting principle: minimizing
the difference between the Dim of its left child and the
right child.

Given the same root node and core tensors in Fig. 6, under
our algorithm, the tree can be built as shown in Fig. 7. The
number of FLOPs under the tree in Fig. 7 is 2094R3, which
is less than that under Fig. 6. From the tree, we can easily
obtain the contraction order from the bottom to the top.

D. Speedup
For a convolutional layer with a three-order input tensor

X ∈ RH×W×I , the three-order output tensor Y ∈ RH ′
×W ′

×O

can be mapped with the convolution of a four-order kernel
tensor W ∈ RK×K×I×O , in which the complexity of compu-
tation in terms of the number of FLOPs is 2H ′W ′O K 2 I . For
a fully connected layer with input X ∈ RI and weight matrix
W ∈ RI×O , the complexity of the computation in terms of the
number of FLOPs of obtaining the output y ∈ RO is 2I O .

In the beginning of Section IV, we have listed the main
parts that contribute to the computational complexity of the
compressed network. Among these, only the computational
complex of calculating W I and WO is not fixed.

Before we provide the computational complexity in a com-
pressed network, we first present Theorems 4 and 5.

Theorem 4: For m TR core tensors W i
∈ RR×Ii ×R, i =

1, 2, . . . , m that satisfy
∏m

i=1 Ii = I , to recover the tensor
W I

∈ RR×I1×I2×···×Im×R following the contraction order

obtained by our tree splitting algorithm, the computational
complexity in terms of the number of FLOPs is between 2R3 I
and 4R3 I .

Theorem 5: For n TR core tensors W j
∈ RR×O j ×R, j =

1, 2, . . . , n that satisfy
∏n

j=1 O j = O , to recover the tensor
WO

∈ RR×O1×O2×···×On×R following the contraction order
obtained by our tree splitting algorithm, the computational
complexity in terms of the number of FLOPs is between 2R3 O
and 4R3 O .

The detailed Proof of Theorem 4 is presented in
Appendix D. We can prove Theorem 5 following the Proof
of Theorem 4.

Thus, compared with the execution in the original convolu-
tional layer and the fully connected layer with the kernel tensor
W ∈ RK×K×I×O and weight matrix W ∈ RI×O , the speedup
in our scheduled scheme can be presented as follows:

Speedup−Conv = B H ′W ′O K 2 I/
(
2R3(I + O) + B R2 H W I

+B R3 H ′W ′K 2
+ B R2 H ′W ′O

)
Speedup−FC =

B I O
(2R3 + B R2)(I + O)

where B is the batch size of training samples.
In the example of Fig. 5, for the fully connected layer

with input X ∈ R980 and weight matrix W ∈ R980×35,
the number of FLOPs of obtaining the output y ∈ R35 in
the original execution is 68 600. Under our scheme, we first
perform the prime factorization on 980 and 35 to obtain
the set of prime factors used to determine the dimensions
of the weight tensor, which is W ∈ R2×2×5×7×7×5×7. Then,
we decompose this weight tensor to obtain the set of core
tensors including W1

∈ RR×2×R,W2
∈ RR×2×R,W3

∈

RR×5×R,W4
∈ RR×7×R,W5

∈ RR×7×R,W6
∈ RR×5×R, and

W7
∈ RR×7×R . Finally, we perform our tree-based contraction

scheduling algorithm to recover the intermediate tensors W I
∈

RR×2×2×5×7×7×R and WO
∈ RR×5×7×R to obtain the output

tensor, in which the number of FLOPs is 2030R2
+ 2164R3.

When R = 2, the speedup is 2.7.

V. REFINED FACTORIZATION AND COMPLETE SOLUTION

A. Refined Factorization
In Section III-C, to solve problems in (26a) and (26b),

we propose a prime factorization-based algorithm to obtain
the optimal set of core tensors to achieve the maximal param-
eter compression ratio. In this section, based on the prime
factorization, we propose a refined factorization which can
achieve the same compression ratio compared with the prime
factorization while having lower computational complexity.

Take the fully connected layer as an example, given a
weight matrix W ∈ RI×O , we denote the prime factorization
of I and O as I =

∏m
i=1 Ii and O =

∏n
j=1 O j , where Ii

(i = 1, 2, . . . , m) and O j ( j = 1, 2, . . . , n) are prime factors.
We have these prime factors that can minimize

∑m
i=1 Ii and

minimize
∑m

i=1 Oi , and thus achieve the maximal parameter
compression ratio. The set of core tensors under this factor-
ization is listed as W i

∈ RR×Ki ×R , where

Ki =

{
Ii , when 1 ≤ i ≤ m
Oi−m, when m + 1 ≤ i ≤ m + n.

That is, each Ii (i = 1, 2, . . . , m) and O j ( j = 1, 2, . . . , n)
corresponds to a dimension of core tensor decomposed.
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Fig. 8. Parameters before (a) and after merge (b).

We notice that 2 is the smallest prime factor that has the
feature 2 × 2 = 4 = 2 + 2. Taking advantage of this feature,
we propose a merge principle to obtain a refined factorization:
if there exist even prime factors being 2 in Ii (i = 1, 2, . . . , m)
or O j ( j = 1, 2, . . . , n), we can merge each pair of prime
factors Ip = Iq = 2 (1 ≤ p, q ≤ m) or Op′ = Oq ′ = 2 (1 ≤

p′, q ′
≤ n). Easily, we have the same number of parameters

under the prime factorization and the refined factorization.
We give an example in Fig. 8 to illustrate that the numbers

of parameters under the prime factorization and the refined
factorization are the same.

Under the prime factorization in Fig. 8(a), the weight
matrix will be reshaped into tensor W ∈ R2×2×5×7×7×5×7,
which will be decomposed into 7 core tensors
W1

∈ RR×2×R,W2
∈ RR×2×R,W3

∈ RR×5×R,W4
∈

RR×7×R,W5
∈ RR×7×R,W6

∈ RR×5×R , and W7
∈ RR×7×R ,

which leads to 35R2 parameters.
Under the refined factorization in Fig. 8(b), the weight

matrix will be reshaped to tensor W ∈ R4×5×7×7×5×7 which
will be decomposed into six core tensorsW1

∈ RR×4×R,W2
∈

RR×5×R,W3
∈ RR×7×R,W4

∈ RR×7×R,W5
∈ RR×5×R , and

W6
∈ RR×7×R , which leads to 35R2 parameters, the same to

that under the prime factorization.

B. Complete Solution
Our complete solution to achieve a compressed neural

network with maximal parameter compression ratio under low
computational complexity consists of two parts.

1) Obtaining the Optimal Core Tensors in the Compressed
Neural Network: First, the prime factorization-based
algorithm in Section III-C is applied to the kernel tensor
of the convolutional layer and weight matrix of the
fully connected layer, and then, the merge principle in
Section V-A is followed to obtain the refined optimal
core tensors.

2) Minimizing the Computational Complexity in the Com-
pressed Neural Network: The tree-based splitting
algorithm in Section IV-C is applied to identify the best
contraction execution order of the refined optimal core
tensors.

To implement our scheme, our training process first applies
our prime factorization algorithm to obtain optimal size of core
tensors, then schedules the contraction sequence of the core
tensors. After that, the whole compressed network is trained by
minimizing a loss function to calculate the values of the core
tensors. During inference, we execute the trained compressed
network.

VI. EXPERIMENTS

We validate our solution using three different neural network
models.

1) LeNet-300-100 [46]: LeNet-300-100 is a fully con-
nected network with three fully connected layers, where
the weight matrices are 784 × 300, 300 × 100, and
100 × 10, respectively.

2) LeNet5 [47]: LeNet5 is a convolutional neural network
consisting of two convolution layers which have the
dimensions of 5 × 5 × 1 × 32 and 5 × 5 × 32 × 64,
and two fully connected layers in which the weight
matrices are 3136 × 1024 and 1024 × 10.

3) VGG16 [48]: VGG16 is a deep convolutional neural
network that consists of 16 weight layers, including
13 convolutional layers and three fully connected layers.

We train the above models using three different datasets.
1) MNIST Dataset [49]: The MNIST dataset comprises

10ten class handwritten digits with a size of 28 × 28,
such as 0, 1, 2, 3, 4, 5, 6, 7, 8, and 9, in which the
training set contains 60 000 examples, and the test set
has 10 000 examples.

2) FASHION-MNIST Dataset [50]: The FASHION-MNIST
dataset is a benchmark dataset of the front look of
70 000 grayscale fashion product images with a size
of 28 × 28, in which 60 000 are used for training and
10 000 are used for testing.

3) CIFAR-100 Dataset [51]: The CIFAR-100 dataset is a
large-scale dataset used for evaluating and comparing
image classification tasks. It consists of 50 000 training
images and 10 000 testing images, each with a res-
olution of 32 × 32 pixels. The images are classified
into 100 different fine-grained classes, with each class
containing 500 training images and 100 testing images.

We implement five low-rank factorization-based compres-
sion algorithms for performance evaluation.

1) MF [24], which compresses the fully connected layer
exploiting single value decomposition (SVD).

2) TTD-FC [37], which converts the weight matrices of the
fully connected layers into the tensor train format [27]
to reduce the number of parameters.

3) TTD [52], which formulates the convolutional layer as
a matrix-by-matrix multiplication and reshape the 4-D
kernel tensor into a matrix. Then, it compresses both the
convolutional layer and the fully connected layer using
TTD.

4) TRD [42], which compresses the network based on
TRD. Different from our proposed algorithm, the kernel
tensor and weight matrix in [42] are reshaped based
on the experience or experiment, resulting in low com-
pression ratio. After the set of core tensors is obtained,
the intermediate tensors W I and WO are recovered
without scheduling, which causes a lot of computational
overhead.

5) Our proposed TRD [prime factorization-based TRD
(PFTRD)].

All experiments on LeNet-300-100 and LeNet5 were imple-
mented on Intel1 Core2 i7-9700 CPU at 3.00 GHz, and all
experiments on VGG16 were implemented on an Nvidia

1Registered trademark.
2Trademarked.
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TABLE I
PARAMETERS IN LENET-300-100

TABLE II
PARAMETERS IN LENET5

TABLE III
PARAMETERS IN VGG16

GTX 1660 GPU. These networks were trained using Ten-
sorFlow [53]. The uncompressed networks were trained from
initialization. Using the trained network, we further apply the
compression algorithms and retrain the network.

A. Validation of the Prime Factorization-Based TRD
In Section III-C, to identify the optimal core tensor sequence

by jointly optimizing the procedure of parameter reshaping and
TRD, we propose a prime factorization-based method. In this
section, we present experimental results to validate our prime
factorization-based TRD.

We compare our PFTRD with another TRD(denoted by
Random). Tables I–III list the number of parameters under
different TR ranks in LeNet300-100, LeNet5 and VGG16,
respectively. Obviously, with the same TR rank, the number of
parameters under prime factorization-based TRD is less than
that under the Random.

B. Verification of Execution Order Scheduling Algorithm
In Section IV-C, to minimize the computational complexity,

we propose a novel tree-based splitting algorithm to schedule
the contraction order of the core tensors. In this section,
we present experimental results to validate our tree-based
splitting algorithm.

We compare our tree-based splitting algorithm (denoted
by Tree) with two random splittings (denoted by Random 1
and Random 2) using core tensors obtained by our prime
factorization-based TRD. Tables IV–VI list the number of
FLOPs under different TR ranks in LeNet300-100, LeNet5,
and VGG16, respectively. As expected, under the same TR

TABLE IV
FLOPS IN LENET300-100

TABLE V
FLOPS IN LENET5

TABLE VI
FLOPS IN VGG16

rank, the number of FLOPs under our tree-based splitting
algorithm is less than that under the two random contractions.

C. Comparison Results
1) Parameters, Compression Ratio, FLOPs, Speedup, Mem-

ory Consumption, and Accuracy Results: We list these
comparison results of compressing LeNet300-100, LeNet5,
and VGG16 models under different compression algorithms.

a) LeNet300-100 compression on MNIST: The model
was trained for 40 epochs using a mini-batch size of 64.
Stochastic gradient descent (SGD) with a momentum of
0.9 and a decaying learning rate of 0.99 was employed for
optimization.

Table VII lists the parameter setting for the two-layer
fully connected network LeNet300-100. We list the num-
ber of parameters and FLOPs on each layer before and
after compression. For example, for the first layer of
LeNet300-100, the weight matrix is 784 × 300. By applying
our TRD, the matrix is reshaped to a high order tensor
(4 × 4 × 7 × 7) × (3 × 4 × 5 × 5), which leads to the
number of parameters being 39R2, and FLOPs being 2168R2

+

2350R3.
As LeNet300-100 is a two-layer fully connected net-

work, we provide the comparisons of our PFTRD with
fully connected layer compression algorithms including MF,
TTD-FC, and TRD. Table VIII lists the compression results.
As shown in the table, we present the number of parameters
(#params), parameter compression ratio (CRP ), the complexity
of computation in terms of FLOPs (FLOPs), speedup ratio
(speedup), memory consumption (Mem_usage) and Top-k
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TABLE VII
LENET300-100 COMPRESSION

TABLE VIII
LENET300-100 COMPRESSION RESULTS

TABLE IX
LENET5 COMPRESSION

accuracy (Accuracy% (k = 1), Accuracy% (k = 3), and
Accuracy% (k = 5)] under different ranks.

Top-k accuracy is a metric used in machine learning for
evaluating models that measures whether the true label of
an observation is in the top k predictions (classes) from
the model. As can be seen from Table VIII, the larger the
value of k, the higher the probability of the true label being
included. For example, the top-1 accuracy, top-3 accuracy,
and top-5 accuracy of our PFTRD with R = 5 are 95.25,
98.74, and 99.76, respectively. In our application scenario, the
exact rank of the prediction is not only our concern, we also
care about the model’s ability to narrow down the possible
correct classes. Thus, in subsequent experiments of LeNet5
and VGG16 models, we only listed the accuracy when k = 3.
In the following articles, accuracy refers to the accuracy when
k = 3.

As expected, in the compressed network, with the increase
of the rank, the parameters, FLOPs, memory consumption,
and accuracy increase, and the compression ratio and speedup
ratio decrease. By setting R = 5, our PFTRD achieves a very
good performance, with a compression ratio of up to 99.1×,
a speedup of 6.3×, a memory consumption of 59.77 MB, and
a high accuracy of 98.74%.

b) LeNet5 compression on FASHION-MNIST: The model
was trained for 30 epochs using a minibatch size of 128,

and the Adam optimizer with a learning rate of 0.001 was
employed for optimization.

Table IX lists the number of parameters and the num-
ber of FLOPs on each layer before and after compression
for LeNet5. The compression seems to be more effec-
tive since LeNet5 is a deeper neural network with more
parameters.

We provide the comparisons of our PFTRD with TTD and
TRD. Since LeNet5 is a network consisting of convolutional
layers and fully connected layers, we do not compare MF
and TTD-FC as they cannot compress convolutional layers.
Like Table VIII, we list compression results under differ-
ent ranks on LeNet5 in Table X. By setting R = 4, our
PFTRD achieves a compression ratio of 1039.5×, a speedup
of 5.827×, a memory consumption of 748.25, and an accuracy
of 96.83. To achieve a similar high accuracy, the parameters,
FLOPs, and memory consumption of TTD and TRD are
much larger than those of our PFTRD. When TTD achieves
an accuracy of 96.25, the parameter, FLOPs, and memory
consumption are 1520, 466 858 824 488, and 772.9 larger than
those of our PFTRD, respectively.

c) VGG16 compression on CIFAR-100: The model was
trained for 30 epochs using a mini-batch size of 64, and the
Adam optimizer with a learning rate of 0.001 was employed
for optimization.
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TABLE X
LENET5 COMPRESSION RESULTS

TABLE XI
VGG16 COMPRESSION

TABLE XII
VGG16 COMPRESSION RESULTS

Table XI lists the number of parameters and the number of
FLOPs on each layer before and after compression for VGG16.
The parameters on VGG16 before and after compression are
34M and 610R2, suggesting high compression potential.

Like the convolutional neural network LeNet5 above,
we provide the comparisons of our PFTRD with TTD and
TRD. We list compression results under different ranks on
VGG16 in Table XII. By setting R = 5, our PFTRD achieves
a compression ratio of 1228.2×, a speedup of 20.67×,
a memory consumption of 6123.43 MB, and an accuracy of
65.62. To achieve a similar high accuracy, the parameters
and FLOPs of TTD and TRD are much larger than that of

our PFTRD. When TTD achieves the accuracy of 64.98, the
parameters, FLOPs, and memory consumption are 35 080,
466 858 824 488, and 21 103.18 larger than that of our PFTRD,
respectively.

2) Inference Time Visualization Results: Fig. 9(a)-(c)
presents the visualization results of inference time for our
PFTRD compared with other baselines in LeNet300-100,
LeNet5, and VGG16, respectively.

As the figure shows, with the increase of the rank, the
inference time also increases. This increasing trend aligns with
the changes in FLOPs as shown in Tables VIII, X and XII,
as FLOPs also increase with time. When achieving a similar
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Fig. 9. Inference time of three models. (a) LeNet300-100 on MNIST. (b) LeNet5 on FASHION-MNIST. (c) VGG16 on CIFAR-100.

high accuracy, our PFTRD exhibits the shortest inference
time compared with other baselines. For example, in LeNet5,
when achieving an accuracy of around 96%, the inference
time of our PFTRD is 52.26, while the inference times of
the other two baselines are 146.84 and 54.17, respectively,
both greater than ours. In Table X, when rank is 6, our
PFTRD has smaller FLOPs than the uncompressed network,
while the inference time in Fig. 9(b) is slightly longer than
that of the uncompressed network. This is because FLOPs
measure the theoretical computational complexity, whereas the
actual speed of the model is influenced by other factors such
as parallelism [52], [54], [55], [56]. How to exploit system’s
architecture to achieve fast speed mapping at small complexity
is an open issue [57], [58]. In order to show the open issue,
unlike the other neural network compression studies [24], [52],
[59] which do not list inference time, we list the inference time
in this article.

In sum, the experimental results demonstrate that PFTRD
can achieve high accuracy with the lower computational com-
plexity using the lowest memory cost.

VII. CONCLUSION

This article proposes a neural network compression
algorithm based on the newly emerged TRD. To compress
the neural network through TRD, we should first reshape the
parameters into a tensor form, and then perform TRD on the
reshaped tensor. We discover that both the procedure of tensor
reshaping and the TRD impact the parameter compression
performance. To maximally compress the parameters thus
achieving the lowest memory consumption, we propose an
algorithm based on prime factorization to simultaneously iden-
tify the optimal tensor reshaping and the TRD. Discovering
that different execution orders of the core tensors brings
different computational complexities, to identify the optimal
execution order, we build a novel tree structure, based on
which, we propose a top-to-bottom splitting algorithm to
schedule the execution of core tensors to minimize the com-
putational complexity. Extensive experimental results on three
neural network models demonstrate the high effectiveness of
our proposed scheme to achieve low memory consumption at
the lowest computational complexity.

APPENDIX

A. Proof of Theorem 1
Theorem 1: Suppose that there are two positive integers a

and b greater than 2, we must have a × b > a + b.
Proof: When a = b, to prove a × b > a + b, we can

transform the formula above to a2
− (a + a) > 0, that is

a(a − 2) > 0. Because a = b > 2, so the formula a × b >
a + b always holds.

When a ̸= b, a × b > a + b in the theorem can be
written as a × b − (a + b) > 0. Suppose that a < b, let
c = b − a > 0, we can transform the formula above to
a(c + a) − (a + a + c) > 0, that is a2

+ (c − 2)a − c >
0. According to the root formula of the quadratic equation
in one variable, there are two solutions to this problem,
which are a = ((2 − c ± (c2

+ 4)1/2)/2). One of the solu-
tions a = ((2 − c − (c2

+ 4)1/2)/2) can be ignored for it is
negative. The other solution is a = ((2 − c + (c2

+ 4)1/2)/2),
the value range of (c2

+ 4)1/2 is
√

c2 < (c2
+ 4)1/2 <

((c + 2)2)1/2, so the value range of ((2 − c + (c2
+ 4)1/2)/2)

is 1 < ((2 − c + (c2
+ 4)1/2)/2) < 2. It can be seen that when

a > 2, the formula a2
+(c−2)a−c > 0 always holds. In other

words, when a > 2, a × b − (a +b) > 0 always holds, which
completes the proof.

B. Proof of Theorem 2
Theorem 2: For a given integer N that satisfies N =∏n
i=1 Ni , where Ni is the factor and i = 1, 2, . . . , n, the sum

of these factors
∑n

i=1 Ni is the smallest when all the factors
are prime factors.

Proof: Suppose there exists a factor N j that is not a prime
factor, then N j can be expressed by the product of two factors
(except 1 and itself), which is N j = a × b. Therefore, the sum
of factors can be rewritten as

∑ j−1
i=1 Ni +

∑n
i= j+1 Ni + N j =∑ j−1

i=1 Ni +
∑n

i= j+1 Ni + a + b.
When a = b = 2, we have that a + b = a × b, and∑ j−1
i=1 Ni +

∑n
i= j+1 Ni + a + b =

∑ j−1
i=1 Ni +

∑n
i= j+1 Ni +

a × b =
∑n

i=1 Ni .
When a = 2 and b > 2, we have that a × b − (a + b) =

2b − a − b = b − a > 0, and
∑i−1

i=1 Ni +
∑n

i=i+1 Ni + a + b <∑ j−1
i=1 Ni +

∑n
i= j+1 Ni + a × b =

∑n
i=1 Ni . The same is true

when b = 2 and a > 2.
When a > 2 and b > 2, based on Theorem 1, we have that

a and b satisfy a + b < a × b, and
∑i−1

i=1 Ni +
∑n

i=i+1 Ni +

a + b <
∑ j−1

i=1 Ni +
∑n

i= j+1 Ni + a × b =
∑n

i=1 Ni .
It can be seen that as long as there exists a nonprime factor,

it can be further represented by other prime factors, thereby
reducing the sum of factors. Then, when the factors are all
prime factors, the sum of the factors is the smallest.

C. Proof of Theorem 3
Theorem 3: Suppose that there are two positive integers a

and b greater than 2. When the product of a and b is a fixed
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constant, the smaller the difference |a − b| between the two
integers, the smaller the sum a + b of the two numbers.

Proof: Suppose a × b = c is a fixed constant. Let d =

|a−b|. We have d2
= (a−b)2

= a2
+b2

−2ab = a2
+b2

−2c.
We further have a2

+b2
= d2

−2c. As 2c is constant, obviously,
we have that the smaller the difference |a − b| between the
two integers, the smaller the a2

+b2. Moreover, as (a +b)2
=

a2
+ b2

+ 2ab = a2
+ b2

+ 2c, the proof is completed.

D. Proof of Theorem 4
Theorem 4: For m TR core tensors W i

∈ RR×Ii ×R, i =

1, 2, . . . , m that satisfy
∏m

i=1 Ii = I , to recover the tensor
W I

∈ RR×I1×I2×···×Im×R following the contraction order
obtained by our tree splitting algorithm, the computational
complexity in terms of the number of FLOPs is between 2R3 I
and 4R3 I .

Proof: Suppose I1 = I2 = · · · = Im = Ī ≥ 2 and the
number of leaf nodes m ≥ 2. The FLOPs of the root node
are always 2R3 I = 2R3 Ī m . If m = 2, there are only two
leaf nodes with one contraction operation in the whole tree.
Obviously, the computational cost of the whole tree is 2R3 I .
If m > 2 and only one of the two child nodes is a leaf node,
there is a recursion 2R3 I = 2R3 Ī m

= 2R3 Ī Ī m−1
≥ 4R3 Ī m−1.

If m > 2 and none of the two child nodes is a leaf node,
the recursion is 2R3 I = 2R3 Ī m

= 2R3 Ī m1 Ī m2
≥ 4R3( Ī m1 +

Ī m2), m1, m2 ≥ 2, and m1 + m2 = m. Since the number of
FLOPs at each parent node is at least two times that at the
child node, the total number of FLOPs must always be between
2R3 I and 4R3 I . The proof is completed.
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