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Abstract—Traffic Matrix (TM) is important for network
operation and management. However, it is hard to measure the
complete TM due to the high measurement cost. Few recent
studies propose using sparse measurement with only a subset of
origin and destination pairs (OD pairs) while the other OD pairs
are reconstructed through matrix completion. Although effective,
current sparse network monitoring schemes can hardly support
online network monitoring which requires scheduling the sample
taking adaptively in each new time slot one by one. To meet the
online network monitoring scenario, we propose a sparse
network monitoring scheme by exploiting subspace-based matrix
completion. Several novel techniques are proposed in our
scheme. First, to capture the dynamic rank feature, we design the
scheme based on sliding window and propose an algorithm to
estimate the rank of current window even though we don’t know
the data of the upcoming time slot. Secondly, based on the
rank estimated, we propose an adaptive sampling scheduling
algorithm. Finally, we propose a lightweight algorithm to speed
up the reconstruction process by reusing the matrix calculation
results in the previous time slot. The experimental results
demonstrate that our scheme guarantees the high precision of
network-wide TM monitoring while significantly reducing the
measurement cost.

Index Terms—Matrix completion, online measurement, sliding
window model, subspace-based matrix completion.

I. INTRODUCTION

A TRAFFIC matrix (TM) tracks the traffic volumes

exchanged between OD pairs in the target network dur-

ing a period. It provides important information for many net-

work tasks such as traffic engineering, path setup, capacity

planning, and congestion control [1], [2].

Although we can apply flow-based measurement tools such

as NetFlow [3] and sFlow [4] to measure the flow traffic

exchanged between OD pairs, as these tools often employ too

many resources (e.g., memory, CPU) [5], it is infeasible to

obtain the TM by measuring the flow traffic volumes between

all OD pairs at all time intervals due to high measurement

overhead.

To reduce the overhead, sample-based network traffic mea-

surement is usually performed in the current network monitor-

ing system. For example, in a time slot, only a small portion

of OD pairs are taken measurements. However, traditional

sample-based measurement strategy can not guarantee that the

traffic volumes of the un-measured OD pairs can be accurately

recovered.

With the progress of sparse representation techniques,

matrix completion (MC) attracts lots of recent interests.

According to the matrix completion theory, a matrix can be

accurately reconstructed with a subset of observed entries if

the target matrix has a low-rank feature. Several studies have

pointed out that TMs have strong spatio-temporal correlations,

thus the low-rank feature [2]. It inspires the exploration of

sparse network monitoring where complete TM data are

obtained by selecting a subset of OD pairs to take flow meas-

urements while inferring the un-measured data through matrix

completion algorithms.

Several studies [1], [6], [7], [8] have applied matrix comple-

tion to network monitoring. Given a subset of measurement

samples, these studies usually apply matrix completion to

recover un-measured data, but can not guarantee that the un-

measured data can be accurately recovered, as measurement

samples may not carry sufficient information.

Very few studies [9], [10] try to select measurement sam-

ples following the matrix completion framework. Taking SVT

(Singular Value Thresholding) [11] and MF (Matrix Factori-

zation) [2], [12] as the basic matrix completion algorithms,

these schemes model network monitoring data in each time

slot using a matrix with its row denoting the origin node and

column denoting the destination node. Restricted by SVT and

MF, the samples are only selected within the matrix, that these

schemes can only consider spatial relationship among moni-

toring data while ignoring their temporal features.

Different from the above network monitoring schemes, to

take advantage of both spatial and temporal information, we

model the network traffic data using a matrix with its row

denoting the OD pairs and column denoting the time slot. We
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aim to solve an online network monitoring problem in which,

for each upcoming time slot, a subset of OD pairs are actively

scheduled to take measurements while guaranteeing the un-

measured data of the remainder OD pairs can be reconstructed

accurately through matrix completion.

Amongmatrix completion techniques, subspace-basedmatrix

completion [13], [14], [15], [16] reconstructs un-measured data

column by column. It may fit our online networkmonitoring sce-

nario, where the monitoring data of a time slot corresponds to

one column. We would like to schedule the measurement pro-

cess online slot by slot, thus obtaining measurement data col-

umns one by one. However, directly applying the subspace-

based matrix completion for online network-wide traffic moni-

toring faces a number of challenges:

� For a dynamic network, the rank of the traffic matrix

changes, and it is difficult to maintain the varying sub-

space resulted.

� Without prior information on the data, the sampling

scheduling is made hard, as it is difficult to ensure that

data for each upcoming time slot can be inferred.

� The un-measured data in each new time slot should be

reconstructed quickly to meet the speed requirements

from the tasks that need the network monitoring data

timely.

To address the above issues, in this paper, we propose a

sequential and adaptive sampling scheme that exploits sub-

space-based matrix completion to achieve low cost and high

accuracy network-wide traffic monitoring. Our scheme is

designed based on the sliding window where the information

from the previous windows is applied to guild the sampling

scheduling in each upcoming time slot. The technique contri-

butions made in this paper are summarized as follows:

� We propose an algorithm to estimate the rank of the

current window with the information of the previous

window even though the data of the upcoming time slot

are unavailable.

� Based on the rank estimated, we propose an adaptive

sampling scheduling algorithm to select a subset of OD

pairs to take measurements in the upcoming time slot

while guaranteeing the accuracy of inferring the un-

measured data.

� By tracking the subspace columns in each siding win-

dow, we propose an approach to effectively maintain

the dynamic subspace of the window.

� We propose a lightweight algorithm to reconstruct un-

measured data by intelligently reusing the matrix calcu-

lation results in the previous time slot to speed up the

reconstruction process.

� We conduct extensive experiments on two real traffic

flow data sets (Abilene [17] and G�EANT [18]), a syn-

thetic data set, and an urban road traffic speed data set

[19]. We demonstrate that our scheme can obtain the

complete network monitoring data at low measurement

cost, with good performance in terms of reconstruction

accuracy and processing time.

The rest of the paper is organized as follows. We present

notations and definitions used in this paper and introduce the

related work in Section II. We study the real trace data in

Section III, introduce the problem and challenge in Section IV.

In Section V, we present a solution overview. In Sections VI

and VII, we propose our sampling scheduling algorithm. In

Section VIII, we discuss how to apply our sampling scheduling

scheme for practical traffic measurement. We evaluate the per-

formance of the proposed algorithm through extensive experi-

ments in Section IX, and conclude the work in Section X.

II. PRELIMINARY AND RELATED WORK

We first give the notations and definitions used in this paper,

and then review the related work.

A. Notations

For a vector x ¼ ðx1; x2; . . . ; xnÞ of size n, we call xi the i
th coordinate of x. Let V denote the set of sampling locations

for any V � ½n�, and xV denote the sub-vector of x from the

coordinate set V. For example, for the vector x ¼
ð5; 6; 7; 8; 9; 10Þ and V ¼ f1; 4g, xV represents the sub-vector

of x with xV ¼ ð5; 8Þ. kxk denotes the vector ‘2 norm of x.

For any matrix M 2 RN�T , Mt denotes the t th column of the

matrix M, MVt is a sub-vector of Mt. The column space

spanned by target matrix M is denoted as U, Û denotes our

estimated column space. The projection operator of the sub-

space U is represented by PU ¼ UðUTUÞ�1UT .

B. Definitions

Definition 1: (Full SVD, Skinny SVD, and Truncated SVD)

[20] For an n1 � n2 matrix M, its Singular Value Decomposi-

tion (SVD) is defined by M ¼ USVT, where U 2 Rn1�n1 and
V 2 Rn2�n2 are unitary matrix matrices and S 2 Rn1�n2 is a

diagonal matrix whose diagonal elements (also known as sin-

gular values) are organized in a decreasing order i.e. S ¼
diagðs1; s2; � � � ; sr; 0; � � � ; 0Þ, where r is the matrix rank and

si is the i th singular value. The SVD defined in this way is

called the full SVD.

If we only keep the positive singular values, the reduced

form is called the skinny SVD. For a matrix M of rank r, its
skinny SVD is computed by M ¼ UrSrV

T
r , where Sr ¼

diagðs1; s2; � � � ; srÞ with fsigri¼1 being positive singular val-

ues. More precisely, Ur and Vr are formed by taking the first r
columns of U and V, respectively.

Truncated SVD is another reduced form of SVD, it only

keeps the first k singular values. We can get the rank k trun-

cated SVD of M by UkSkV
T
k , where Uk 2 Rn1�k, Vk 2

Rn2�k, and Sk ¼ diagðs1; s2; � � � ; skÞ.
Definition 2: (Column Space) [20] For a matrix M, its col-

umn space is the linear space spanned by its column vectors.

Denoting the skinny SVD of M ¼ USVT, then U contains

orthogonal bases of the column space.

C. Fundamentals of Matrix Completion

Matrix completion aims to recover the entire matrix by

inferring the unobserved entries using a small set of entries
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observed. If we do not have constraints on the matrix, the

entries inferred can be arbitrary. Matrix completion usually

has a low-rank constraint on the matrix.

Given an unknown matrix M 2 Rn1�n2 with the rank r <
< minfn1; n2g while only a subset of its entries Mij; ði; jÞ 2
V are observed, by finding a matrix X with the lowest rank to

approximateM, the matrix completion problem can be formu-

lated as:

min
X

rankðXÞ; s.t. ½X�ij ¼ M½ �ij; 8ði; jÞ 2 V (1)

where the sampling operator PV : Rn1�n2 ! Rn1�n2 is

defined by:

PVðXÞij ¼
Xij ði; jÞ 2 V

0 otherwise

�
(2)

where X is the matrix recovered.

However, rank minimization problem in (1) is non-convex

and NP-hard. To overcome the problem, Cand�es et al. [21]

uses the rank’s convex relaxation and transfers the problem in

(1) to a nuclear norm minimization problem:

min
X
kXk�; s.t. ½X�ij ¼ M½ �ij; 8ði; jÞ 2 V (3)

where kXk� denotes the nuclear norm of X, which is the sum

of the singular values of X. Many algorithms have been pro-

posed to solve the nuclear norm minimization problem (3),

including ALM [22] and SVT [11].

Besides (3), matrix factorization (MF) is another way to

solve the non-convex problem. To infer the missing entries in

a sparse matrix M 2 Rn1�n2 , as shown in (4), matrix factori-

zation decomposes M into the production of two (low-rank)

matrices L 2 Rn1�r;R 2 Rr�n2 where r is the rank ofM.

min
1

2
kLk2F þ kRk2F

� �
s.t.ðLRÞij ¼Mij; 8ði; jÞ 2 V (4)

After using the observed entries to train L and R, the sparse

matrix can be recovered by M̂ ¼ LR. Following the frame-

work of MF, NMF [12] tries to find nonnegative factor matri-

ces L, R to infer the unobserved nonnegative entries, SRMF

[2] proposes a spatiotemporal model to infer the unobserved

data.

We focus on online network monitoring, that is, for each

upcoming time slot, a new column that corresponds to the

measurement data in the time slot will be added to the matrix

as the last column sequentially, and we should recover the un-

measured data in the column when it arrives.

Although above matrix completion techniques can infer the

unobserved entries within the matrix, they usually require

training the parameters using entries observed and then infer

the unobserved ones within the matrix offline. Above matrix

completion techniques are not suitable for online network

monitoring which requires the handling of a new column

sequentially added to the matrix.

In recent years, a novel type of matrix completion algo-

rithm, subspace-based matrix completion is proposed in [13],

[14], [15], [16], which may be suitable for online monitoring.

The completion rationale of these methods is that if a column

vector belongs to the subspace of the matrix, it can be repre-

sented by the subspace.

Given a subspace U, for an upcoming column Mt with its

sampling location set being V, the sub-vector of the observed

data is MVt. If Mt 2 U, that is, Mt can be represented by the

subspace, then this column can be recovered by

M̂t ¼ U UT
VUV

� ��1
UT

VMVt; (5)

where a�t ¼ ðUT
VUVÞ�1UT

VMVt is the r-dimensional coeffi-

cient that projects Mt to the subspace, and it can be calculated

by using the sub-vector of the observed data in the column

through

min
at2Rr

1

2
MVt �UVatk k22: (6)

The subspace-based matrix completion algorithm can per-

form data inference column by column, which is suitable for

our online network monitoring scenario. Therefore, in this

paper, we propose our online network monitoring scheme

based on subspace-based matrix completion.

D. Related Work

Some matrix completion-based algorithms are designed for

network monitoring. SRMF [2] captures spatio-temporal fea-

tures in traffic matrices (TMs) and proposes the first spatio-

temporal model to infer missing data in the network. Follow-

ing SRMF, several studies [1], [6], [7], [8] are proposed for

traffic matrix recovery, aiming to recover the missing data

from partial measurements data. As discussed in Section I,

given a subset of sample entries, these studies try to infer the

un-measured data. However, they may suffer from big errors

if the subset of entries does not carry sufficient information

for missing data inference.

Very few studies start to select measurement samples fol-

lowing the matrix completion framework. By modeling the

network delay measurement data in a time period as a matrix

with its row being the origin node and the column being the

destination node, MC-E2E [9] designs a dynamic sampling

algorithm to select the OD pairs to take measurements. It itera-

tively performs pre-recovery using previous samples and

selects locations with the largest recovery errors to take further

samples. This paper also proposes a stopping condition, that is,

when this stopping condition is met, there is no need for fur-

ther sampling. After obtaining adequate samples, it uses SVT

[11] to infer the un-measured data. Using the same stopping

condition proposed in [9], LC (Local Coherence) [10] pro-

poses an adaptive sampling algorithm for network measure-

ment. The LC [10], [23] is a two-stage sampling algorithm. In

the first stage, it takes a small number of random samples and

then calculates the leverage score of each unobserved element

by performing SVD decomposition using the few random

samples taken. The second stage selects the sample locations

with the probability determined by the magnitude of their
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leverage scores. Relying on multiple rounds of data pre-recov-

ery based on insufficient sampling data, the sampling selection

strategy in MC-E2E [9] and LC [10], [23] is not feasible due

to its high computation cost and inaccurate sample selection.

Moreover, as the monitoring matrix only records the monitor-

ing data in one period, such sampling selection can not utilize

the temporal information hidden in the monitoring data and

can hardly support online network monitoring to obtain the

stream of network data.

Besides the network field, some online matrix completion

methods are proposed to handle streaming or sequential

data, where the columns of the matrix arrive sequentially.

ORLRMR [24] proposes a matrix decomposition-based online

matrix completion method in which the newly arrived column

is reconstructed by U. ReProCS [25] proposes an online com-

pletion algorithm based on recursive projective compressive

sensing. These online matrix completion algorithms utilize all

time slot data to recover the newly arrived data, which may

lead to poor recovery performance, as too old data may have a

negative impact on new data.

In this paper, we propose an online sampling scheduling

algorithm based on a sliding window model, which uses the

data of the previous window to determine how many entries to

take measurements in the upcoming time slot and then recon-

structs the un-measured ones in the time slot. By capturing the

varying rank in the sliding window and dynamically adjusting

the number of samples taken in each upcoming time slot

according to the estimated rank of the current window, our

scheme can capture both spatial and temporal features in the

monitoring data while minimizing the measurement cost and

guaranteeing the reconstruction performance.

III. EMPIRICAL STUDY WITH REAL TRACE DATA

In matrix completion, low-rank is necessary for accurate

reconstruction of the monitoring data, and the rank of the

matrix directly impacts the number of samples required to

take. Existing matrix completion solutions often assume that

the data matrix has a known and fixed rank. Therefore the

number of sample measurements to take is fixed and deter-

mined by the relationship between the smallest required num-

ber of samples and the rank r of the matrix. However, in

network monitoring, such an assumption is unlikely to hold,

and the rank of the traffic matrix varies over time.

We present the following experimental studies to demon-

strate the low-rank feature of the traffic monitoring data and

the dynamic rank feature of the traffic monitoring data.

A. Low-Rank Feature

According to [26], [27], [28], if a matrix has good low-rank

structure, its top k singular values occupy nearly the total

energy, i.e.,
Pk

i¼1 s
2
i 	

Pr
i¼1 s

2
i where si is the i th singular

value of the matrix. In this paper, we perform SVD on the traf-

fic matrix, and use the ratio gðkÞ ¼Pk
i¼1 s

2
i =

Pr
i¼1 s

2
i to ver-

ify low-rank feature of the traffic matrix.

Fig. 1 shows the fraction gðkÞ of the total variance captured
by the top k singular values for both traffic data sets Abilene

[17] and G�EANT [18]. We find that in both traffic matrices,

the top 10 singular values capture more than 95 percent vari-

ance in the real traces, which indicates that these two traffic

data sets have good low-rank structures.

B. Dynamic Rank Feature

As shown in Section IV-A, our network monitoring model

is designed based on sliding window model. We plot the rank

of the consecutive sliding window by varying the starting time

slot from 1 to 5000. For each sliding window, its rank is calcu-

lated as the least k that makes gðkÞ more than 99%. We set the

window size T ¼ 144 in the Abilene data set and window size

T ¼ 48 in the G�EANT data set to make each window contain

12 hours of monitoring data. In Fig. 2, the X-axis represents

the starting time slot of the matrix, and the Y-axis represents

the rank of the matrix in the corresponding sliding window.

Most of the existing matrix completion-based data gather-

ing schemes assume that the rank of the matrix is low and has

a fixed value [9], [10]. However, from Fig. 2, we find that the

rank varies over time in network monitoring data. Therefore,

it is inefficient to use a fixed rank to guide the sampling sched-

ule. In a dynamic network environment, accurately estimating

the rank in each consecutive window is essential for designing

a proper sampling scheduling algorithm. Using a large rank to

guide sampling scheduling leads to over-sampling thus high

cost while using a small rank may lead to poor recovery

accuracy.

IV. PROBLEM AND CHALLENGE

A. Online Traffic Monitoring Based on Sliding Window

For a network consisting of n nodes, there are N ¼ n� n
OD pairs. Let the column vector Mj denote the traffic volume

snapshot of the whole network in the time interval ½j; jþ DtÞ,
i.e., the column of data measured at the time slot j. Each entry

Mði;jÞ denotes the traffic volume data of OD pairs i at time

slot j.

Fig. 1. Good low-rank structure of real network traffic matrix. Fig. 2. Rank variation of real monitoring data in each window.
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The aim of this paper is to design an online traffic monitor-

ing scheme based on matrix completion. That is, according to

matrix completion theory, a schedule needs to be made to

determine which OD pairs to take samples in each upcom-

ing time slot to minimize measurement overhead while

satisfying the reconstruction accuracy of the un-measured

data.

For each upcoming time slot, as the recent data have more

closed temporal relation, the reconstruction accuracy for the

un-measured data may be higher by using recent data than

using the data collected long ago. In this paper, we design our

online traffic monitoring scheme based on the sliding window

model to catch this essence.

For the sliding window model used in this paper, we define

a matrix MN�T ðt� 1Þ to hold the monitoring data collected

in recent T time slots until t� 1. It covers the monitoring data

fMt�T ; :::;Mt�2;Mt�1g where T represents the window size,

N represents the number of OD pairs. The first column Mt�T
in the matrix MN�T ðt� 1Þ represents the network monitoring

data collected at the time slot t� T . The last column Mt�1 in
the matrix MN�T ðt� 1Þ represents the monitoring data col-

lected in the time slot t� 1. We refer to the window that con-

tains the upcoming time slot t as the active window, and the

adjacent window containing the data till t� 1 as the history

window. When the columns in one window are full and new

data arrive, the data update operation follows the first-in-first-

out (FIFO) principle, i.e., the column that enters the window

the earliest will be removed first.

Fig. 3 shows an example of a sliding window model with

window size T ¼ 6 and the number of OD pairs N ¼ 6.
According to the definition, the matrices in two adjacent win-

dows in Fig. 3 are denoted as M6�6ð6Þ and M6�6ð7Þ,
respectively.

In our scheme, the historical window is applied to guide the

data sampling for the upcoming time slot. The online traffic

monitoring scheme can be described as follows: in each

upcoming time slot t, a subset of OD pairs are selected to take

flow measurements based on the information from the histori-

cal window while ensuring the traffic volume data of the un-

measured OD pairs to be accurately inferred. As only a subset

of OD pairs are measured, the remaining pairs are inferred

based on the samples observed through matrix completion.

The measurement overhead can be largely reduced.

Fig. 4 shows an example to illustrate our sampling schedule

problem. In the example, the size of the sliding window is T ¼
6. The historical window has the measurement data fM1;M2;
M3;M4;M5;M6g, where the red entries are the measurement

data. T7 is the upcoming time slot. We want to determine the

measurement samples in T7 based on the historical window

(the left of Fig. 4). After the measurement samples are gath-

ered, the active window contains fM2;M3;M4;M5; M6;
M7g. The scheme should guarantee that the un-measured data

in T7 be reconstructed by using the measurement data in the

active window (the right of Fig. 4).

B. Solution Framework

According to the subspace-based matrix completion [13],

[14], [15], [16], if we can maintain the subspace (i.e., U) of

the monitoring data, for each upcoming time slot, we can

select V OD pairs satisfying jVj 
 cmðUÞrlog ðr=dÞ [15],

where r is the rank of the monitoring data, mðUÞ is the coher-
ence parameter on the column space of monitoring data, c is a
universal constant, d is a probability variable reflecting the

probability of failure to recover. According to (5), we can

recover the un-measured data using the subspace through

M̂t ¼ UðUT
VUVÞ�1UT

VMVt. Therefore, we can design an

online traffic measurement scheduling scheme that takes three

main steps:

� Maintaining the subspace U using the historical data.

� Selecting V OD pairs for each upcoming time slot to

take traffic flow measurements, satisfying jVj 
 cmðUÞ
rlog ðr=dÞ

� Recovering the un-measured data using the subspace

through M̂t ¼ UðUT
VUVÞ�1UT

VMVt in (5).

C. Challenging Issues

Applying subspace-based matrix completion for traffic mon-

itoring in a dynamic network faces a number of challenges:

� The change of rank for the matrix in each sliding

window requires maintaining a dynamic subspace in

the subsequent sliding window. Our observation on

real-world trace indicates that the rank of the sliding

window varies over time. Accordingly, to accurately

reconstruct the un-measured data, the subspace also

needs to be updated to keep the low-rank feature of the

Fig. 3. An example of siding window model.

Fig. 4. Online sampling schedule and reconstruction problem.

JIN et al.: LOW COST ONLINE NETWORK TRAFFIC MEASUREMENTWITH SUBSPACE-BASED MATRIX COMPLETION 57

Authorized licensed use limited to: SUNY AT STONY BROOK. Downloaded on December 28,2025 at 06:49:36 UTC from IEEE Xplore.  Restrictions apply. 



dynamic monitoring data. The subspace updating is

essential as it will be further utilized in the reconstruc-

tion of future data.

� It is hard to determine the number and location of

samples without any information on the upcoming

traffic data. To make sure that the un-measured data

can be accurately reconstructed, the number of mea-

surement samples taken in each upcoming time slot

should be large enough to capture sufficient informa-

tion. If we can estimate the rank of the active window,

we can identify the number of samples needed in the

upcoming time slot while guaranteeing the reconstruc-

tion quality of the un-measured data. However, with-

out the information of data in each upcoming time

slot, the rank estimation is difficult. Also, as the

rank can change, the sampling scheduling needs to

be adaptive.

� Fast reconstruction of the upcoming time slot. The

un-measured data should be reconstructed as soon as

possible to meet the speed requirements from its subse-

quent tasks, such as anomaly detection and traffic man-

agement. To get the complete data in real-time, the un-

measured data reconstruction should be accomplished

upon the arrival of the measurement samples of each

upcoming time slot.

V. SOLUTION OVERVIEW

Our online network measurement scheme consists of two

phases: training phase and window sliding phase.

The training is performed for the first T time slots, where

the whole network traffic monitoring data are gathered. The

main task of this phase is to build the basic subspace of the

first window by selecting the subset of columns each corre-

sponding to a time slot, and we call the columns selected as

the subspace columns.

In the window sliding phase, for each upcoming time slot t
ðt > T Þ, we first estimate the rank of the matrix of the active

window, based on which we make the sampling scheduling

decision and update the subspace to track the rank of the

active window.

In our sliding window model, we maintain the time slot

indexes of the subspace columns for each window. In our

scheme, the number of these columns also denotes the rank of

the window. When a subspace column moves out of a win-

dow, the new column corresponding to the upcoming time slot

may also be selected as the subspace column again.

VI. BUILD THE BASIC SUBSPACE IN THE TRAINING PHASE

The whole network traffic monitoring data are gathered for

the first T time slots. To identify the subspace columns in the

window, we design Algorithm 1. As we have all the data in

the first window, we can estimate the rank (i.e., r) of the first

window through full SVD decomposition of the matrix in the

window, where r is calculated as the least k that makes gðkÞ
larger than 99%, where gðkÞ is defined in Section III-A.
Initially, we mark the first column as the subspace column,

insert it into the set of subspace columns S and then perform a

skinny SVD on S with S ¼ UjSjSjSjVT
jSj. We set the subspace

as Û ¼ UjSj, where jSj represents the number of columns in

S. We then adopt a greedy strategy to find other r� 1 sub-

space columns, as shown in step 3, among all other columns

in the window, we select the column with the largest residual

as the subspace column with the residual calculated by kMt �
PÛMtk22 where PÛ ¼ ÛðÛT ÛÞ�1ÛT . As the column with

large residual can hardly be represented by the subspace Û
found so far.

Fig. 5 shows an example of training phase, where N ¼ 6
and T ¼ 6. After we get the whole data in the first window,

we perform an SVD on the window matrix to calculate the

rank r. In this example, we set r as the least k that makes

gðkÞ > 99:99%, hence rank r ¼ 3. To find the subspace in

the training window, we first mark the first column M1 as the

subspace column, add it into S and get the subspace (denoted

by U1 in Fig. 5) by performing skinny SVD on S ¼ ½M1�.
Among all the columns in the window, we find that column

M4 has the largest residual. Thus, we mark M4 as the sub-

space column and update the subspace (denoted by U2) by

performing skinny SVD on matrix ½M1;M4�. Again, among

the remaining columns in the window, we find M2 has the

largest residual. Thus we further markM2 as the subspace col-

umn and perform the skinny SVD on matrix ½M1;M2;M4� to
obtain the basic subspace (i.e., U3) of the first window.

Algorithm 1: Build the Basic Subspace in the Training Phase

Require: The entire matrix (i.e.,M) of the first window.

Ensure: The set of subspace columns S in the first window, the esti-

mated subspace Û and the estimated rank r.
1: Initialize S ;, Û ;.
2: Estimate rank r by performing full SVD onM.

3: S ½S M1�, mark M1 as subspace column, perform skinny SVD

on S with S ¼ UjSjSjSjVT
jSj, set Û UjSj.

4: for 1 � i � r� 1 do
5: t ¼ argmax

1< t�T;Mt =2 S

kMt � PÛMtk22.

6: S ½S Mt�, mark Mt as subspace column, perform skinny

SVD on S with S ¼ UjSjSjSjVT
jSj, set Û UjSj.

7: end for

8: Return S, Û, r.

Fig. 5. Training and marked the indexes of the subspace columns.
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VII. ADAPTIVE SAMPLING SCHEDULE AND QUICK RECOVERY

IN WINDOW SLIDING PHASE

Given a historical window, our goal is to design a sampling

scheduling algorithm that can select a subset of OD pairs to

take measurements in the upcoming time slot t ðt > T Þ while
ensuring the accurate reconstruction of un-measured data after

data are collected. As there is no data information about the

upcoming time slot, such a task is difficult.

As the upcoming time slot t ðt > T Þ will be included in the
active window, in this section, we first provide a mechanism

to accurately estimate the rank of the active window, based on

which we design the sampling scheduling algorithm.

A. Rank Estimation

Before presenting our sampling scheduling algorithm for

each upcoming time slot, we first explore the rank relationship

between two adjacent window matrices. Fig. 6 shows two

adjacent windows. Only one column is different in any of the

two adjacent windows, so the rank of these two adjacent win-

dows should have a strong relationship. In Fig. 6, two matrices

M6�6ð6Þ and M6�6ð7Þ in two adjacent windows share five

same columns, i.e., fM2;M3;M4;M5;M6g. Only one column

from each of the adjacent matrices is different, that is, M1 in

M6�6ð6Þ andM7 inM6�6ð7Þ.
In the following Theorem 7.1, we will show that the rank

relationship of two adjacent windows does not change dramat-

ically. In this section, we will use these properties in Theorem

7.1 to design our sampling scheduling algorithm.

Theorem 7.1: Given two matrices of two adjacent windows

MN�T ðt� 1Þ and MN�T ðtÞ, and assume rankðMN�T ðt�
1ÞÞ ¼ r, then the rank of the matrixMN�T ðtÞ satisfies

r� 1 � rank MN�T ðtÞð Þ � rþ 1 (7)

Proof: BecauseMN�T ðt� 1Þ andMN�T ðtÞ are the twomatri-
ces of the adjacent windows, we can see that MN�T ðt� 1Þ ¼

ðMt�T ;MN�ðT�1Þðt� 1ÞÞ and MN�T ðtÞ ¼ ðMN�ðT�1Þ ðt�
1Þ;MtÞ where Mt�T 2 RN and Mt 2 RN are non-vanishing

vectors with rankðMt�T Þ ¼ rankðMtÞ ¼ 1, and we have:

rank MN�ðT�1Þðt� 1Þ� �
�rank Mt�T ;MN�ðT�1Þðt� 1Þ� �
�rankðMN�ðT�1Þðt� 1ÞÞ þ 1 (8)

As rankðMN�T ðt� 1ÞÞ ¼ r and MN�T ðt� 1Þ ¼ ðMt�T ;
MN�ðT�1Þðt� 1ÞÞ, we can bound rankðMN�ðT�1Þðt� 1ÞÞ by:

r� 1 � rankðMN�ðT�1Þðt� 1ÞÞ � r (9)

AsMN�T ðtÞ ¼ ðMN�ðT�1Þðt� 1Þ,MtÞ, we have

rank MN�ðT�1Þðt� 1Þ� �
�rank MN�ðT�1Þðt� 1Þ�

;MtÞ
�rank MN�ðT�1Þðt� 1Þ� �þ 1 (10)

Base on the fact that MN�T ðtÞ ¼ ðMN�ðT�1Þðt� 1Þ;MtÞ,
combining (9) and (10), we can obtain

r� 1 � rank MN�T ðtÞð Þ � rþ 1 (11)

which completes the proof. &

B. Straightforward Sampling and its Problem

According to Theorem 7.1, given the rank of the previous

window (i.e., r), the active window that consists of the column

of the upcoming time slot will be in the range of ½r� 1; rþ 1�.
As the rank of the active window is at most rþ 1, taking

jVj 
 cmðUÞðrþ 1Þlog ððrþ 1Þ=dÞ random samples in the

upcoming time slot is sufficient to identify whether the mea-

surement data in this time slot can be represented by the sub-

space of the active window or not. Therefore, a straightforward

sampling in the window sliding phase can be scheduled to work

as follows:

1) Among N OD pairs, randomly select cmðUÞðrþ
1Þlog ððrþ 1Þ=dÞ OD pairs to take measurement sam-

ples in the upcoming time slot t, with the sample loca-

tion set denoted as V and measurement data asMVt

2) For the upcoming time slot t, check if corresponding

columnMVt can be represented by the current subspace

of the active window Û, i.e.,

res ¼
MVt � ÛVðÛV

T
ÛVÞ�1ÛV

T
MVt

��� ���
jVj � h (12)

where res ¼ kMVt�ÛVðÛV
T
ÛVÞ�1ÛV

T
MVtk

jVj is the residual

of the upcoming column projected to the current sub-

space, h is a threshold.

� If the residual is not larger than h, we can identify that the

upcoming time slot can be represented by the current

Fig. 6. Relationship of two adjacent window.
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subspace. Thus, the un-measured data can be recon-

structed through M̂t ¼ ÛðÛT

VÛVÞ�1ÛT

VMVt in (5).

� Otherwise, the upcoming column can not be represented by

the subspace, and the following procedures should be taken:

a) Further measuring the remaining OD pairs in the

time slot t.
b) Marking the column Mt as the subspace column,

and insertingMt into the subspace column set S.
c) Performing skinny SVD on the updated S with S ¼

UjSjSjSjVT
jSj, updating the subspace Û by setting

Û ¼ UjSj.
Fig. 7 shows an example to illustrate the above process.

After we get the measurement data in T7, we use the residual

to determine whether the column can be recovered. If res >
h, which means that M7 can not be well represented by the

current subspace, we should take additional measurements

from the remaining OD pairs in the time slot T7, otherwise,

the un-measured data in T7 can be reconstructed by M̂7 ¼
ÛðÛT

VÛVÞ�1ÛT

VMV7. There is a trade-off to set the threshold

h. If h is too small, lots of columns will be selected as sub-

space columns, which would cause a high sampling cost. Oth-

erwise, if h is too large, the subspace selected can not track

the rank well, which may further compromise the reconstruc-

tion accuracy. In the experimental Section IX, we will do

experiments to set a proper h.

C. Refining Rank Estimation and Adapting the Sampling

Scheduling

Although the above sampling scheduling algorithm is prom-

ising, it may introduce a high sampling cost by using the up-

bound rþ 1 of the estimated rank to make the sampling

schedule. The use of rþ 1 may over-estimate the rank of the

active window in some cases.

Let us look at the example in Fig. 8. In this example, the

historical window M6�6ð9Þ has two columns marked as the

subspace columns, i.e., S ¼ fM4;M7g. So the rank of the his-

tory window M6�6ð9Þ is considered to be 2. Directly applying

the Theorem 7.1, the estimated rank of the active window

M6�6ð10Þ will fall into the range of ½1; 3�, with the up-bound

3. However, as the window moves, the oldest subspace col-

umn M4 moves out of the window. So only one subspace col-

umn S ¼ fM7g is left in the active window. In this case, even

if we consider the upcoming column M10 as a subspace col-

umn, the active window M6�6ð10Þ will only have at most two

subspace columns. We call this problem the overestimation

problem.

Instead of directly applying Theorem 7.1 to estimate the

rank of an active window, we make the following strategy to

refine the rank estimated.

� Given the rank of the historical window r, the up-bound
of the rank estimated for the active window through

Theorem 7.1 is rþ 1.
� If the oldest column in the history window is a subspace

one, the rank of the active window is set to r.
With the refined rank, we design the algorithm for the sam-
pling scheduling and un-measured data reconstruction in
Algorithm 2. After we identify the rank of the active win-
dow, we will select random OD pairs to take measurements
in Step 5 and Step 8.

D. Strategy for Fast Un-Measured Data Reconstruction

Fast reconstruction of the un-measured data is essential for

network applications. Different from traditional matrix com-

pletion algorithms which usually require a process with

Fig. 7. Take further measurement samples or reconstruct the un-measured
data according to the residual.

Algorithm 2:Window Sliding Phase

1: for each upcoming time slot t with its columnMt ðt > T Þ do
2: Apply Theorem 7.1 to estimate the up-bound rank of the active

window as rþ 1 where r is the rank of history window.
3: if the oldest columnMt�T is a subspace column then

4: Refine the rank of the active window to r.
5: Randomly choose jVj ¼ cmðUÞrlog ðr=dÞ OD pairs to take

measurement.

6: Delete Mt�T from S, update Û by performing skinny SVD on

S with S ¼ UjSjSjSjVT
jSj, set Û UjSj.

7: else

8: Randomly choose jVj ¼ cmðUÞðrþ 1Þlog ððrþ 1Þ=dÞ OD

pairs to take measurement.

9: end if

10:

11: if
kMVt�ÛVðÛV

T
ÛVÞ�1ÛV

T
MVtk

jVj � h then

12: M̂t  ÛðÛT

VÛVÞ�1ÛT

VMVt.

13: else

14: Take full measurement inMt.

15: S ½S Mt�, mark Mt as subspace column, perform skinny

SVD on S with S ¼ UjSjSjSjVT
jSj, set Û UjSj.

16: Set the rank r jSj.
17: end if

18: end for
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multiple iterations to train the parameters, our subspace-based

matrix completion is fast and can reconstruct the un-measured

data without iterations through M̂t  ÛðÛT

VÛVÞ�1ÛT

VMVt as

shown in Step 12 in Algorithm 2.

However, ÛðÛT

VÛVÞ�1ÛT

VMVt involves a matrix inverse

operation ðÛT

VÛVÞ�1, which is of high computation cost. We

use the following example to show the possibility of further

speeding up the reconstruction process.

In Fig. 9, if we take samples V ¼ f2; 3; 5g in T8 and M8 can

be represented by the subspace of the historical window

M6�6ð8Þ, the un-measured data in T8 can be reconstructed as

M̂8 ¼ ÛðÛT

VÛVÞ�1ÛT

VMV8 where MV8 is the measurement

data in T8 and Û is the subspace in the history window

M6�6ð8Þ. Let A ¼ ÛðÛT

VÛVÞ�1ÛT

V. If we take the same sam-

pling locations in T9, i.e., V ¼ f2; 3; 5g, to reconstruct

the un-measured data in T9, we can perform M̂9 ¼
Û0ðÛ

0T
V Û0VÞ�1Û

0T
VMV9 where MV9 is the measurement data in

T9 and Û0 is the subspace of the active window M6�6ð9Þ. As
shown in Fig 9, as the subspace columns are the same in these

adjacent windows i.e., M6�6ð8Þ and M6�6ð9Þ, easily we have

Û ¼ Û0. As A ¼ ÛðÛT

VÛVÞ�1ÛT

V is calculated when recon-

structing M8, M9 can be quickly reconstructed through

M̂9 ¼ AMV9.

Based on the observation of the above example, we propose

the following strategy to increase the processing speed.

� Denoting Û as the subspace of the history window. Let

PÛV
¼ ÛVðÛV

T
ÛVÞ�1ÛV

T
and A ¼ ÛðÛT

VÛVÞ�1ÛT

V,

where V is the location set sampled in the last column

of the history window.

� When window slides, if the two adjacent windows share

the same subspace columns, using the same locations

in V to take measurement samples in the upcoming

time slot can reuse the PÛV
and A that are calculated in

the historical window to speed up the process in the

active window. That is, the Step 11-12 in Algorithm 2

can be rewritten as: If
kMVt�PÛ

V
MVtk

jVj � h, then M̂t  
AMVt where PÛV

and A that are calculated in the his-

torical window.

E. Complexity Analysis

As the window slides, two procedures are taken, removing

the data of the oldest time slot and adding the data of the

upcoming time slot.

1) Removing the Data of the Oldest Time Slot: If the oldest

column Mt�T is a subspace column, we need to update the

current subspace Û by performing a skinny SVD on S 2
RN�r�1, which incurs the OðNr2Þ time complexity.

2) Adding the Data of the Upcoming Time Slot: For the

upcoming time slot t, we first need to identify whether the cor-
responding column Mt can be represented by the current col-

umn space with
kMVt�ÛVðÛV

T
ÛVÞ�1ÛV

T
MVtk

jVj . As the complexity

of ðÛT
VÛVÞ�1 is OðjVjr2Þ, and the complexity of ÛVðÛT

V

ÛVÞ�1ÛT
VMtV is OðjVj2rÞ, we can easily find that the time

complexity of the identification process isOðjVjr2 þ jVj2rÞ.
� If Mt can be represented by the current column space

Û, we just need to use ÛðÛT
VÛVÞ�1ÛT

VMtV in (5) to

reconstruct it. The complexity of the reconstruction is

OðNjVjrÞ.
� Otherwise, Mt is a subspace column and we need to

update the current subspace Û by performing the skinny

SVD on a N � r matrix, which requires OðNr2Þ
complexity.

Therefore, the time complexity for each time slot is

OðNr2 þ ðjVjr2 þ jVj2rÞ þmaxðN jVjr;Nr2ÞÞ. As N > >
jVj > r, it can be further rewritten as OðNjVjrÞ, which

grows linearly with the size of N .

VIII. TRAFFIC MEASUREMENTS WITH THE SAMPLING

SCHEDULING

In this section, we describe how to apply our measurement

scheduling scheme for practical use.In the training phase, all

OD pairs perform the traffic measurements and send the mea-

sured data to the controller. After collecting data, the control-

ler can calculate the basic subspace. In the window sliding

phase, as shown in Fig. 10, the workflow of our sampling

scheduling scheme for each time slot can be divided into three

steps:

� Scheduling of probing: the controller selects a set of OD

pairs to take probing measurements based on the main-

tained subspace.

� Path probing: the selected network nodes perform the

measurements following the probing schedule.

Fig. 8. An example of refine the rank of the active window.

Fig. 9. Speed up case in window sliding phase.
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� Un-measured data reconstruction: after collecting the

probing data, the controller reconstructs un-measured

data of each OD pair through our method.

IX. PERFORMANCE EVALUATIONS

A. Experiment Setting

To evaluate the performance of our algorithm, we conduct a

series of experiments on two network traffic data sets. More-

over, to validate that our algorithm is general and can be

applied for online sampling scheduling in other scenarios, we

also use a real road traffic speed data set and a synthetic data

set to evaluate the performance.

� Abilene [17]: Abilene network consists of 12 routers,

thus 144 OD pairs, and the data set contains the traffic

data collected every 5 minutes in 24 weeks.

� G�EANT [18]: G�EANT network consists of 23 routers,

thus 529 OD pairs, and the trace contains the traffic

data collected every 15 minutes for several months.

� Traffic [19]: This data set contains the road traffic speed

data collected every 10 minutes for two months in

Guangzhou, China, from anonymous road segments.

� Synthetic: This data set is generated through the follow-

ing steps: 1) generating a low-rank matrix M with its

size being 1000� 10000; 2) randomly selecting 100

columns and changing their values to simulate the vary-

ing rank scenario; 3) generating a Gaussian noise matrix

Z and injecting it intoM. Here we limit kZkF=kMkF ¼
0:2, where k � kF denotes the Frobenius norm.

We use the reconstruction error ratio of the un-measured data

to evaluate the accuracy of the implemented algorithms. The

reconstruction error ratio is calculated as

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiP
ði;jÞ2�VðMi;j�M̂i;jÞ2

q
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiP
ði;jÞ2�VðMi;jÞ2

q ,

where Mi;j and M̂i;j denote the raw data and the reconstructed

data at the element ði; jÞ of the target matrixM respectively. �V
denotes the set of un-measured element indices. This metric is

the relative error for the element locations with the values

inferred from the matrix completion algorithms. To evaluate

the speed of the different sampling algorithms and matrix com-

pletion algorithms, we use the metric processing time to mea-

sure the average number of seconds to perform the task.

Data normalization [29] is often used in data preprocess-

ing to scale the data into the range [0,1]. We preprocess

the above data sets in the following manner, normalizing

the data set by:

Mi;j ¼
Mi;j �min Mi;j

	 

max Mi;j

	 
�min Mi;j

	 
 (13)

where the minfMi;jg is the minimum value and maxfMi;jg is
the maximum value of the data sets. After using the normal-

ized data to get the reconstruction results, we perform the

inverse of normalization on the reconstruction results to calcu-

late the inferred error ratio.

All algorithms are implemented using Matlab, and all the

experiments are run on a laptop with CPU Intel(R) Core(TM)

i7-8750H CPU@2.20GHz and 24GB memory.

B. Impact of Window Size

We use 1000 time slots data to investigate how the parame-

ter window size T impacts reconstruction performance. First,

we set an error ratio threshold for each data set, i.e., 0.2 in

Abilene, G�EANT, and Synthetic, 0.1 in Traffic. Then, we vary

the window sizes to explore how many samples are required

to take with different window sizes to make the error ratio less

than or close to the threshold. The results are shown in Fig. 11.

From Fig. 11, we can see that 1) with the increase of T ,
the required sampling ratio decreases; 2) after T reaches a

value, with the increase of T , the required sampling ratio

gradually increases. It is because when T is small, the

required sampling ratio is high, as the window contains too

many subspace columns. When T is large, the window con-

tains too many data, resulting in a decrease in the correla-

tion between the reconstructed columns and the subspace

columns, so more samples are needed to maintain the accu-

racy of the reconstruction.

Fig. 10. Workflow of our sampling scheduling scheme for each time slot.
Fig. 11. Window size impact.
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According to the results in Fig. 11, the window setting

is listed as follows. We set N ¼ 144 and T ¼ 108 in Abil-

ene, N ¼ 529 and T ¼ 96 in G�EANT, N ¼ 214 and T ¼
144 in Traffic, and N ¼ 1000 and T ¼ 168 in Synthetic,

respectively.

C. Impact of Parameters

According to Algorithm 2, the parameter h determines

whether an upcoming column Mt is a subspace column. If

yes, the algorithm take full measurements for Mt; other-

wise, jVj entries in Mt are selected to take measurements.

Therefore, the parameters that affect the sampling ratio are

jVj and h.

As jVj ¼ cmðUÞrlog ðr=dÞ, we have jVj ¼ cmðUÞrðlog ðrÞ
�log ðdÞÞ. As the parameter d reflects the probability of failure

reconstruction for a column Mt, whether Mt can be recon-

structed only depends on if ðUT
VUVÞ is invertible according to

Algorithm 2. In real traffic data sets, ðUT
VUVÞ is usually

invertible due to the presence of noise. Therefore, we just con-

sider jVj ¼ cmðUÞrlog ðrÞ without parameter d.
Enlarging mðUÞ by a constant factor c, if we set u equal to

cmðUÞ, the change of u is equivalent to changing the value of

c and mðUÞ. For visualization purposes, we use u as a joint

parameter for c and mðUÞ. To investigate how the parameters

u and h impact the reconstruction performance, we implement

our algorithm in the T time slots data (i.e., a window’s data)

following the first training window. Fig. 12 draws the error

ratio and sample ratio by varying u and h.

As expected, with the decrease of h, the sample ratio

increases because more time slots take full measurements,

so the error ratio decreases accordingly at a larger mea-

surement cost. In Fig. 12(a)(b), we choose the parameter

corresponding to the lowest sampling ratio when the error

ratio is less than 0.2 for data sets Abilene and G�EANT. In
Fig. 12(c), we choose the parameter that corresponds to

the lowest sampling ratio when the error ratio is less than

0.1 for data set Traffic. In Fig. 12(d), we choose the

parameter corresponding to the lowest sample ratio when

the error ratio is close to 0.2 for the data set Synthetic.

We use yellow to mark the above results. Consequently, in

Abilene, we set u ¼ 1:4 and h ¼ 0:0003, in G�EANT, we

set u ¼ 4 and h ¼ 0:0009, in Traffic, we set u ¼ 1:5 and

h ¼ 0:007, in Synthetic, we set u ¼ 7 and h ¼ 0:000008
for the following experiments.

D. Performance Comparison

1) Comparison With Dynamic Sampling Schemes: For

comparison, we implement three sampling schedules and un-

measured data reconstruction schemes.

The first scheme (called ALM-Local Coherence) per-

forms local coherence sampling [23] along with ALM

(Augmented Lagrangian Method) [22] based reconstruction

algorithm. The second scheme (called SVT-E2E) performs

E2E [9] sampling along with SVT [11] based reconstruc-

tion algorithm. The third scheme (called SRMF-Random)

performs random sampling along with SRMF [2] as the

reconstruction algorithm. Our scheme can handle the sam-

pling scheduling and un-measured data inferring column

by column for online execution, while the peer algorithms

can only support data inferring in a whole matrix, and can

Fig. 12. Parameter impact.

Fig. 13. Reconstruction error in a window.
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not support such operations executed column by column.

For fair comparison, we count the performance of a whole

window, i.e., a matrix.

Fig. 13 shows the reconstruction accuracy under different

data sets. The X-axis is the sample ratio. The Y-axis denotes

the error ratio. To study the reconstruction accuracy of the

other compared schemes, we increase the sampling ratio until

the error ratio drops to that under our algorithms.

As shown in Fig. 13, among all algorithms implemented, to

achieve the same reconstruction accuracy with error ratio (0.2

in Abilene, G�EANT, and Synthetic, 0.1 in Traffic), the sam-

pling ratio under our algorithm and SVT-E2E are the lowest.

Moreover, from Fig. 15, we find that the processing time under

SVT-E2E is nearly 8 times that under our algorithm. This is

because the sampling schedule and the un-measured data

reconstruction are quick in our scheme. In contrast, the E2E

sampling algorithm and SVT reconstruction all involve itera-

tive operations, which is time-consuming.

We also draw Fig. 14 to show the number of samples

needed to achieve the same reconstruction error ratio (i.e., 0.2

in Abilene, G�EANT, and Synthetic, 0.1 in Traffic). As a refer-

ence, excluding the three compared schemes, we show the

number of full measurements in a window (denote as ‘ALL’

in Fig. 14). As shown in Fig. 14, our algorithm and SVT-E2E

have the lowest sample number compared with other schemes.

We draw Fig. 15 to show the processing time to achieve the

same reconstruction error ratio in a window. The processing

time includes the time of sampling scheduling and un-mea-

sured data reconstruction. As shown in Fig. 15, our algorithm

is the fastest scheme. It only takes 170 ms in Abilene, 744 ms

in G�EANT, 351 ms in Traffic, and 1612 ms in Synthetic to

obtain the data in a window through the sampling and recon-

struction process.

2) Comparison With Fixed Sampling Schemes: Besides

dynamic sampling schemes in Section IX-D1, we also com-

pare our scheme with four fixed sampling schemes under uni-

form sampling. Different from our scheme, these schemes fix

the sampling ratio for each column no matter how the current

subspace changes, while for our sampling algorithm, the num-

ber of samples changes according to data variation. In this

experiment, we use
kMt�V�M̂t�Vk
kMt�Vk

to metric the inferred error ratio

Fig. 14. Number of samples to achieve the same reconstruction accuracy. Fig. 15. Processing time to achieve the same reconstruction accuracy.

Fig. 16. Compared with fixed sampling schemes.
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for each reconstructed column Mt, where �V denotes the set of

un-measured data indices inMt.

We draw Figs. 16(a)(b)(c)(d) to show the number of sam-

ples needed for each time slot when the subspace changes in

5000 time slots after the training window. We also draw the

cumulative distribution function (CDF) of the error ratio in

these 5000 time slots in Fig. 16(e)(f)(g)(h), where the error

ratio represents the average of the reconstruction error of sub-

sequent reconstructed columns when the subspace changes.

Combining Figs. 16(a) with Fig. 16(e), we find: 1) the sam-

pling ratio under our scheme dynamically changes according

to the data variation; 2) although the sampling ratio is much

less than 0.7, our scheme can achieve the similar accuracy

with Uniform-0.7. The similar results can be found by com-

bining Figs. 16(b)(c)(d) and 16(f)(g)(h). These experimental

results demonstrate that our scheme can capture the data varia-

tion feature to adaptively change the sampling ratio while

accurately recovering the un-measured data.

3) Validation of Reconstruction Speedup Strategy: In

Section VII-D, we propose a strategy to speed up the recon-

struction of un-measured data. To validate the effectiveness of

the strategy, we perform two kinds of implementations. In the

first kind of implementation (termed Direct), we directly

adopt Algorithm 2 to perform sampling schedule and un-mea-

sured data reconstruction. In the second kind of implementa-

tion (termed Speedup), we adopt the strategy for fast un-

measured data reconstruction proposed in Section VII-D along

with Algorithm 2 to perform sampling schedule and un-mea-

sured data reconstruction.

Figs. 17 and 18 show the processing time and the recon-

struction error under these two kinds of implementations. In

this experiment, we test 5000 time slots. We draw Fig. 17 to

show the average process time to handle each time slot, and

Fig. 18 to show the average error ratio of the columns corre-

sponding to these 5000 time slots. From Fig. 18, we find that

the error ratio under the two strategies is similar.

In Fig. 17, in the Abilene data set, the average processing

time in each time slot is 1.8 ms under the direct scheme, while

it is 1.57 ms under the speedup scheme. The runtime perfor-

mance improvement is approximately 12.7%. The G�EANT
data set takes 7.7 ms and 6.6 ms under the direct and speedup

schemes, respectively. The improvement is roughly 14.3%. In

the Traffic data set, the average processing time in each time

slot is 2.78 ms and 2.44 ms in the direct and speedup schemes.

The improvement is approximately 12.2%. The Synthetic data

set takes 10.8 ms under the direct scheme and 9.6 ms under

speedup scheme. The improvement is roughly 11.1%. These

results demonstrate that the strategy proposed in Section VII-

D is effective to speed up the reconstruction process of the un-

measured data.

4) Validation of the Rank Refinement Strategy: In the

Section VII-C, we propose the rank refinement strategy to

address the overestimation problem. We provide two kinds of

implementations to verify the effectiveness of this strategy. In

the first one (termed Refinement), we directly adopt Algo-

rithm 2. In the second one (termed Not-Refine), we remove

the refinement process from Algorithm 2.

As shown in Figs. 19 and 20, we draw the sampling ratio

and the reconstruction error of the two kinds of implementa-

tions over 5000 time slots. Compared with the implementation

without rank refinement, our rank refinement strategy reduces

the sampling cost while achieving a similar reconstruction

accuracy, which indicates that the rank refinement strategy

effectively addresses the rank overestimation problem.

X. CONCLUSION

In this work, we focus on the online data measurement

scheduling and reconstruction problem for real-world network

traffic monitoring. By studying two real network data sets,

Abilene and G�EANT, we find that although these data sets

have a good low-rank structure, the rank varies with time. We

design our scheme based on the sliding window model and

propose a rank estimation method to estimate the rank of the

current window. According to the rank estimated, we propose

an adaptive sampling scheduling algorithm to select a subset

Fig. 17. Validation of the speedup strategy.

Fig. 18. Mean value of the error ratio of the reconstructed column (speedup
strategy).

Fig. 19. Validation of the rank refinement strategy.

Fig. 20. Mean value of the error ratio of the reconstructed column (rank
refinement strategy).
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of OD pairs to take measurement samples in the upcoming

time slot and reconstruct it by subspace-based matrix comple-

tion. For faster online measurement and reconstruction, we

propose a speedup technique that reuses the results in the pre-

vious time slot to speed up the reconstruction of un-measured

data in the current time slot. Extensive experiments on three

real data sets show that our scheme guarantees the high-preci-

sion recovery of network measurement data with low mea-

surement cost.
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