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Abstract—Tensor completion can be applied to fill in the
missing data, which is import for many data applications where
the data are incomplete. To infer the missing data, existing tensor-
completion algorithms generally assume that the tensor data have
global low-rank structure and apply a single model to fit the
overall observed data through the global optimization. However,
there are different correlation levels among application data, thus
the ranks of some sub-tensors can be even lower relative to that of
the large tensor. Fitting a single model to all data will compromise
the performance of data recovery. To increase the accuracy
in missing data recovery, we propose to apply local tensor
completion (Local-TC) to recover data from sub-tensors, with
each containing data of higher correlations. Although promising,
as the tensor data are only organized logically, it is difficult to
determine the relationship among data. We propose to exploit
locality-sensitive hash (LSH) to quickly find the data correlation
and reorganize tensor data, based on which data entries with high
correlations are put into the same sub-tensor. The experiment
results demonstrate that Local-TC is very effective in increasing
the recovery accuracy.
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I. INTRODUCTION

Data missing is often observed in many data related appli-
cations. Recovering missing data from its partial samples is a
fundamental problem, and has attracted continuous attentions
in data analysis. Although matrix completion approaches [1]-
[4] present good performance under low data missing ratio, the
recovery performance suffers when there is a large amount of
data missing.

For better data recovery, it helps to represent the data
as a higher dimensional array called tensor, a higher-order
generalization of vector and matrix. Tensor has proven to
be a good data structure for dealing with multi-dimensional
data in various fields [5], [6]. As tensor completion can well
take advantage of the multilinear structures in the data to
provide higher information precision thus higher performance
in missing data recovery, it continues to draw attention for
use in data analyses. For example, our recent study [7], [8]
models the end-to-end traffic volume data between network
Origin (source) nodes and Destination nodes in the Internet as
a 3-way traffic tensor, which exploits the temporal stability,
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spatial correlation, and traffic periodicity for more accurate
Internet traffic data recovery.

Despite that it is more promising to recover missing data
through tensor completion, existing tensor completion algo-
rithms generally have the strong assumption that the tensor
data have a global low-rank structure, and try to find a single
and global model to fit the data of the whole tensor. However,
in many practical applications, data entries in a large tensor
may have different levels of correlation. Taking the 3-way
Internet traffic tensor as an example, its three dimensions are
origin destination (OD) pairs, time slots, and days. A subset
of OD pairs may have similar end-to-end traffic behaviors in
a subset of time slots (i.e., working time) of a subset of days
(i.e., working day). Such a subset of OD pairs/time slots/days
may construct a sub-tensor with a lower rank.

Although it is well acknowledged that the ranks of sub-
tensors would be lower if the data in the sub-tensors have
higher correlation, we are not aware of any work that exploit
this feature in tensor completion. The sub-tensors with lower
ranks are not accurately estimated by conventional tensor
completion performed based on a higher global rank. Intu-
itively, different sub-tensors contain different sets of data. In
an extreme case, applying a global tensor completion model
to a large tensor consisting of multiple low-rank sub-tensors
is akin to fitting one single model to the concatenation of all
the data sets. As different data sets have different structure
features, a single model can not capture features of all data
sets, which results in low missing data recovery accuracy.

To take advantage of the lower ranks in sub-tensors for
more accurate missing data recovery, we propose a local
tensor completion scheme, termed as Local-TC. Although it is
promising, as a sub-tensor should be built based on similarity
and correlation among the tensor data, there is a challenge to
efficiently calculate the correlation among the large amount
of tensor data. In addition, the tensor data are only organized
logically. It is unknown which part of data actually have the
close relationship. Thus it is hard to separate a large tensor
with partially-observed data into a set of sub-tensors, with
closely-related data grouped into the same sub-tensor.

To address the set of challenges above, taking advantage
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of the property of locality-sensitive hash (LSH) functions,
we propose three novel LSH tables to re-order the three
dimensions (corresponding to OD pairs, time slots, and days)
in the traffic tensor very quickly, based on which the data in
the tensor is re-organized so that adjacent data entries in the
tensor have closer correlations. With the re-organized tensor,
we propose a novel correlation-based sub-tensor formulation
algorithm by putting OD pairs, time slots, and days with higher
correlations into the same local sub-tensor. As data similarity
reduces the ranks of local sub-tensors, the missing data in
sub-tensors can be more accurately inferred compared to the
completion of the large tensor directly.

II. PROBLEM

To illustrate the scheme of Local-TC, we present our scheme
using the Internet traffic data recovery as an example, where
the tensor records the data volume between every source and
destination pair and the missing traffic volume data are inferred
based on a set of observed entries.

For a network consisting of N nodes, there are N x N
origin and destination (OD) pairs. Based on the analyses of
real traffic trace, our recent work on tensor completion [7],
[8] reveals that the traffic data have the features of temporal
stability, spatial correlation, and periodicity. To fully exploit
these traffic features for accurate traffic data recovery, we can
model the traffic data as a 3-way traffic tensor M € RI*JxK
(Fig.1(a)), where K corresponds to the number of the origin
and destination (OD) pairs in the network, and there are J
days to consider with each day having I time slots. Fig.1(b)
shows that the traffic tensor can be divided into slices along
the dimensions of time, OD pair, and day, which are exploited
to find correlations of data points in the three domains respec-
tively through locality-sensitive hash. For the Abilene trace [9],
I =288, K =144, and J = 168. Our Local-TC, however, is
general and does not depend on how the tensor is modeled.

Trace Abilene
168 day of 144 OD pairs Collecting
traffic data every 5 minutes
I (Time:t)

/ / Tensor

| | slices
|

J (Day:d)

1=288, K=144, and J = 168

y

H_J

K OD Slices

—
K (OD:0) I Time Slices

J Day Slices

(a) Traffic tensor (b) Traffic tensor slice

Fig. 1. 3-way monitoring tensor.

As mentioned in Section I, to reduce the high network
monitoring and communication cost, sample-based network
monitoring strategy is often adopted. As a result, the network
monitoring data are usually incomplete.

Among various methods to fill in the missing tensor items,
we adopt tensor factorization to infer the missing entries of
a tensor. Given a traffic monitoring tensor M, the (i, j, k)-th
entry, m;;, represents the data measurement taken from OD
pair i at the time slot j of the day k. If there are no monitoring

data between a pair of nodes in a given time interval, it leaves
the corresponding entry in M empty. Let 2 be the set of
indices of the sample entries in M. The missing data recovery
problem is to recover the tensor M based on its samples
through the tensor factorization. Based on CP decomposition,
the problem is defined as

min L(A,B,C)
A,B,C )
stL(AB,C) = |M=[ABChll, M

+al|Al7 + alBlF + o |ClIE

In (1), |(M —[A,B, C})QHQF is the recovery loss (error),
a ||A||2F +a ||BH2F +a HCH?m is the regularization added to
prevent the over-fitting problem. There is an over-fitting of
data when the recovery losses (errors) corresponding to the
sampled tensor elements are very small while the errors for
the data items inferred from existing samples are very large.

Problem in (1) requires the finding of the factor matrices
A € RIXE B ¢ R/*E and C € REXE to approximate
the tensor M with the minimum L (A, B, C), where R is the
tensor rank. After obtaining the factor matrices A, B, and C,
the monitoring tensor can be recovered through

M =]A,B,C], )

where M denotes the estimated monitoring tensor.

III. SOLUTION

The tensor completion problem in (1) is established based
on the assumption that the rank of the overall tensor is
low. This global low-rank assumption serves as the base for
traditional tensor completion algorithms to fit a single model
with the overall tensor data through the global optimization.
However, the data correlations in different neighborhood may
be different, which causes the difference in the ranks of sub-
tensors. A sub-tensor formed with closely related data would
have lower rank, while simply applying the global optimization
over the whole traffic tensor can not benefit from the higher
local correlation among data.

In this work, we propose to design a local tensor completion
algorithm that can take advantage of the low-rank structure of
local tensor for more accurate missing data recovery. Obvi-
ously, the sub-tensor should be built based on the similarity
and correlation among the tensor data. However, this requires
the address of two challenging issues: 1) how to efficiently
determine the correlations among tensor data, and 2) how
to locate low-rank sub-tensors in a tensor.

Samples taken from similar OD pairs/time slots/days have
higher impacts on each other. To well exploit the correlations
from the three corresponding domains for more accurate miss-
ing data recovery, we propose a novel LSH-facilitated local
tensor completion model to form sub-tensors each containing
similar OD pairs, time slots, and day times. Fig.2 illustrates
the basic procedures of our solution.

Fig.2(a) shows the original traffic tensor to be recovered.
In Fig.2(b), to facilitate the forming of correlation-aware sub-
tensors, we propose the use of three LSH tables to re-order
OD pairs, time slots, and the day time. The good property of
the LSH guarantees that similar OD pairs/time slots/days are
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Fig. 2. Overview solution

projected to nearby locations in the LSH hash tables. LSH [10]
is based on the simple idea that, if two data points are close
together, then after a ”projection” operation, they will remain
close. To group similar OD pairs together, we apply LSH to
the OD pair slice (shown in Fig.1(b)) of the tensor. Given a
traffic tensor M in Fig.1, the slice corresponding to an OD
pair ¢ is an [ x J matrix that contains the data measuring the
OD pair in J days with each day having I time slots. More
specifically, we take the following procedures to map the OD
pairs into the LSH table.

1) Projecting OD pairs to a line. Given an OD pair slice
pi € RIXJ (1 <i < K), after the vectorization, it can be
denoted as a vector [i; € R/ (1 <i< K). We define the
LSH hash function as

ha(ji;) = a - i 3)

Eq(3) applies a scalar dot operation to project the OD pair ji;
to a point on a straight line, with the point position determined
by a random vector @ whose entries are drawn independently
from A (0,1). In this paper, we call this line the projection
line.

2) Building the LSH table. We denote the first projected
value and the last projected value on the line as p; and p.,
respectively. We will show our algorithm in partitioning the
tensor to form sub-tensors. Each partition includes a group of
data from similar OD pairs which also have higher correlation
along the dimensions of time slots and days. Given the total

number of groups to divide, A, we partition the projection line
between p, and p. into A\ parts to build the hash table, with
the bucket width in the table being 2= =,

In Fig.2(c), according to the LSH tables, we re-order data in
the tensor so that adjacent data entries in the tensor have closer
correlations. Based on the re-ordered traffic tensor in Fig.2(c),
we propose a sub-tensor formulation algorithm to build low-
rank sub-tensors from the re-ordered large tensor in Fig.2(d).
By putting OD pairs/time slots/days with higher correlation
into the same sub-tensor, the rank of the sub-tensor would be
much lower, which further helps to more accurately infer the
missing data.

After the tensor re-ordering, to ensure that every sub-tensor
has stronger correlation for better missing entry recovery, a
straightforward way for sub-tensor formulation is to directly
partition the big tensor based on buckets of the LSH tables,
with each sub-tensor consisting of one bucket of OD pairs,
time slots, and days.
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Fig. 3. Sub-tensor formulation.

Although this straightforward way allows that the large
tensor is fully covered by the sub-tensors partitioned, the direct
partition may lead to some undesirable results. For example, in
Fig.3(b), o4 in the first bucket of OD LSH table is close to og
in the second bucket, but its impact on recovering the missing
data on the column og is not considered. As an alternative way
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of partition, o4 and og are put into two adjacent sub-tensors,
so they can exploit overlapping entries for a possibly better
recovery performance.

To address the above issue, we propose an expanding
principle. As shown in Fig.3(c), the coverage of each sub-
tensor under the direct partition is expanded o times with
o > 1 to make adjacent OD pairs, time slots, and days
included in all the adjacent sub-tensors. As a result, the sub-
tensors have overlaps, and the missing data on the overlapping
area will be recovered by multiple sub-tensors.

In Fig.2(e), after inferring missing items in sub-tensors, we
fuse their overlapped entries to obtain the final data.

IV. EXPERIMENT

We use the public traffic traces Abilene [9] and GEANT
[11] to evaluate the performance of Local-TC.

In the experiment, we first randomly select sub set of the
trace data as the measurement samples, and then apply the
proposed Local-TC to recover the full traffic monitoring data
from partial measurement samples. Then, using the raw traffic
trace data as a reference, we evaluate the performance by
comparing the recovered data with the original data trace. In
all the experiments, we set the default sample ratio to be 50%.

To evaluate the accuracy of different tensor completion
algorithms, we use the relative error metric defined as fol-
\/Z(z,j,k)eﬁ (Mg, —m,5,1)°

V2 gmea (Mige)?
1 S 7 S I, 1 S ] S J, 1 S k’ S K mi_,j,k and mi,j,k denote

the (i, j, k)-th element of the raw data tensor M and the tensor
M recovered through the tensor completion.

lows: Error(un-sample) = where
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Fig. 4. Performance under different tensor completion algorithms.

To evaluate the effectiveness of Local-TC, besides C Py,
we implement other three tensor completion algorithms includ-
ing C'Pypt, C'Pyopt, and T'K ;s under our Local-TC scheme.
The first three ( C'P,pt, C'Pyopt, and C'Pys) are designed
based on CP model, the last TK,;s is designed based on
the Tucker model. These algorithms are applied to complete
the sub-tensors formed from the large tensor based on Local-
TC. We denote these implementations Local-TC in the figure.
Then, for performance comparison, we also implement the
tensor completion algorithms directly using the whole large
tensor without tensor partition, denoted Whole in the figure.

Compared with the tensor completion algorithms executed
using the whole data, our Local-TC scheme can bring closer
the correlations among entries in the sub-tensors. Thus tensor
completion algorithms under Local-TC can more accurately
recover the missing data. All the performance results (in

Fig.IV) demonstrate that our LSH-facilitated sub-tensor form-
ing scheme is very effective in improving the recovery accu-
racy, and our Local-TC scheme is general without depending
on the underlying tensor completion algorithms.

V. CONCLUSION

In this paper, we propose a local tensor completion scheme
(Local-TC) to infer missing data entries from sub-tensors
formulated with more closely related data. In order to identify
data with higher correlation and form sub-tensors with lower
ranks, we propose several novel techniques with the facilita-
tion of LSH functions: LSH-based tensor re-organization and
correlation-aware sub-tensor formulation. To the best of our
knowledge, Local-TC is the first study that takes advantage
of the local low-rank structure hidden in the large tensor for
accurate missing data recovery.
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