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Abstract—Network applications, such as network state track-
ing and forecasting, anomaly detection, and failure recovery,
require complete network monitoring data. However, the moni-
toring data are often incomplete due to the use of partial mea-
surements and the unavoidable loss of data during transmissions.
Tensor completion has attracted some recent attentions with its
capability of exploiting the multi-dimensional data structure for
more accurate un-measurement/missing data inference. Although
conventional tensor completion algorithms can work well when
the application data follow the symmetric normal distribution,
it cannot well handle network monitoring data which are highly
skewed with heavy tails. To better follow the data distribution
for more accurate recovery of the missing entries with large
values, we propose a novel expectile tensor completion (ETC)
formulation and a simple yet efficient tensor completion algo-
rithm without hard-setting parameters for easy implementation.
From both experimental and theoretical ways, we prove the
convergence of the proposed algorithm. Extensive experiments
on two real-world network monitoring datasets demonstrate the
effectiveness of the proposed ETC.

Index Terms—Tensor completion, Skewed network monitoring
data, Asymmetric least squares

I. INTRODUCTION

It is very important to monitor the network states for the
troubleshoot of network incidents and performance issues such
as packet losses, latency spikes, and traffic burst [1], [2].
However, network monitoring data are often incomplete due
to the use of sampling for low cost network measurement and
unavoidable data loss under severe communication and system
conditions.

As part of the applications of network state tracking and
forecasting [6], anomaly detection [7] and failure recovery are
highly sensitive to the missing of data, either because of the
un-measurement or the loss. This makes the accurate recovery
of missing monitoring data from partially observed samples
an important procedure in network monitor systems.

The quality of data recovery highly relies on the inference
technique to recover the complete data from partial measure-
ments, for which various studies have been made. Originally,
designed based on purely spatial [8], [9] or temporal [10]
information, the data recovery performance of most known
approaches is low. To utilize both spatial and temporal in-
formation, matrix completion [3], [5], [11]-[14] has been

exploited to recover the missing data from a low-rank matrix.
Although these approaches present good performance under
low data missing ratio, when the missing ratio is large, the
recovery performance suffers, as the two-dimensional matrix-
based data analysis has the limitation in extracting information.

For better data recovery, a few recent studies [4], [26]—
[28] start to model the network monitoring data as a higher
dimensional array called tensor, and propose algorithms based
on tensor completion for more accurate missing data recov-
ery. Tensors are the high-order generalization of vectors and
matrices. Tensor-based multilinear data analysis [15]-[17] has
shown that tensor models can take full advantages of the
multilinear structures to provide better data understanding. De-
spite its effectiveness, we argue that current tensor completion
algorithms are hindered by following two critical limitations
to handle the network monitoring data.

(a) Unable to accurately estimate the missed data with
large values. Conventional tensor completion algorithms usu-
ally adopt symmetric least squared loss function to minimize
the aggregate loss during the estimation of all observed
samples. They can work well when the application data follow
symmetric normal distributions. However, network monitoring
data are highly skewed with heavy tails. Our experimental
results on real network monitoring datasets also reveal that
the missing of network monitoring data with large values
are seriously underestimated using the conventional tensor
completion algorithms. However, in network traffic monitor-
ing, large data items correspond to elephant flows, which are
especially important in many network applications, including
congestion control to dynamically schedule elephant flows
[18], network capacity planning [19], anomaly detection [20],
and caching of forwarding table entries [21].

(b) Difficult to set the parameters in tensor completion.
To solve tensor completion problem, Stochastic Gradient De-
scent (SGD) [24] is generally adopted to pursue the optimal
solution. While in the practice implementation, we found the
crucial parameter, the learning rate, is very hard to determine.
A small learning rate takes long time to converge, while a large
rate may easily overshoot the optimal solution. Moreover, an
inappropriate learning rate will also increase the deviation of
the completion result.

Authorized licensed use limited to: SUNY AT STONY BROOK. Downloaded on December 27,2025 at 07:36:08 UTC from IEEE Xplore. Restrictions apply.

978-1-6654-0325-2/21/$31.00 ©2021 IEEE



IEEE INFOCOM 2021 - IEEE Conference on Computer Communications

To well utilize tensor’s strong ability of data representing
and information extraction, in this paper, we model network
monitoring data as a 3-dimensional tensor and design a novel
expectile tensor completion to overcome the above limitations.
The main technique contributions are listed as follows.

e To accurately estimate the missed network monitoring
data whose values are big, we formulate the tensor completion
problem by replacing the symmetric least squares loss function
in conventional tensor completion problem with a loss function
similar to those used in expectile regression. The expectile
tensor completion formulation helps to better follow the data
distribution for more accurate recovery of the large missing
entries.

e To solve the expectile tensor completion problem, we pro-
pose a simple yet efficient tensor completion algorithm without
hard-setting parameters for easy implementation. From both
experimental and theoretical way, we prove the convergence
of the proposed algorithm.

e We conduct comprehensive experiments to comparatively
evaluate and demonstrate the effectiveness of the proposed
method. The experimental results demonstrate that our ETC
can achieve significantly better recovery accuracy especially
on the large missing entries. When the sampling ratio is low
at 10%, the recovery error ratio on the large missing data
is around 0.2 using ETC, but is 0.7 using the best reference
tensor completion algorithms, which is 3.5 times larger.

The rest of the paper is organized as follows. We intro-
duce the related work and preliminaries in Section II and
Section III, respectively. The system model and problem are
presented in Section IV. We present our new expectile tensor
completion problem and algorithm in Section V and Section
VI, respectively. Finally, we evaluate the performance of
the proposed expectile tensor completion algorithm through
extensive experiments in Section VII, and conclude the work
in Section VIII.

II. RELATED WORK

Recovering un-measurement data with partial measurement
samples is a very important procedure for network monitoring.
Besides original algorithms using purely spatial or temporal
[8]-[10], and matrix-based algorithms [3], [5], [11]-[14] using
simple spatio-temporal features, a few recent studies [4], [26]—
[28] propose to apply the tensor completion to capture more
spatio-temporal features in the network monitoring data for
more accurate recovery.

These initial efforts demonstrate the potential of applying
tensor-based schemes for better monitoring data recovery.
However, we find that these techniques are designed based
on symmetric least squares loss function, where solutions are
obtained from the estimate of the conditional mean of the
observation samples. However, as network monitoring data are
highly skewed with heavy tails, these current techniques face
a serious problem to underestimate the large missing entries.

Besides inferring the network monitoring data, in terms
of methodologies, many variants [29]-[33] of tensor com-
pletion method have been developed to capture the global

data structure for recovering the missing data via tensor fac-
torization. These variants still adopt symmetric least squares
loss function to describe the problem. They may still suffer
from insufficiently capturing the data distribution feature of
real network monitoring data and underestimating the large
missing entries. Moreover, current tensor completion problems
are usually solved based on either Alternating Least Squares
(ALS) [37] or SGD , which may suffer from the problems of
large computation cost or hard parameter setting.

To conquer the limitations in current studies, we propose to
formulate a novel expectile tensor completion problem, which
can better capture the data distribution of network monitoring
data to accurately estimate the large missing entries. Moreover,
instead of ALS and SGD, we propose a simple yet efficient
tensor completion algorithm to iteratively solve the problem
with well designed update rules to ensure the convergence.
Experiments demonstrate the effectiveness and efficiency of
the proposed techniques.

III. PRELIMINARIES

The notation used in this paper is described as follows.
Scalars are denoted by lowercase letters (a,b,---), vectors
are written in boldface lowercase (a,b,---), and matrices
are represented with boldface capitals (A,B,---). Higher-
order tensors are written as calligraphic letters (X, ), - - -). The
elements of a tensor are denoted by the symbolic name of the
tensor with indexes in subscript. For example, the ith entry
of vector x is denoted by x;, element (4,7) of a matrix X is
denoted by z;;, and element (i,j,k) of a third-order tensor
X is denoted by x;;z. The row (column) vectors of a matrix
are denoted by the symbolic name of the matrix with indexes
in subscript. For example, the ¢-th row (column) vector of a
matrix A is denoted by a;. (a.;). The transpose, inverse, and
Frobenius norm of a matrix X are denoted by XT X-1 and
IX]| -. Some preliminaries in this paper can be found in [34]-
[36].

Definition 1 (Khatri-Rao Product). Given two matrices
with the same number of columns A € R™*™ and B € RP*X",
the Khatri-Rao product between these two matrices can be
defined as :

[ anbin  aizbiz ainbin
allbpl aJ126p2 alnbpn
A®B= : : : (1
amlbll am2b12 alnbpn
L amlbpl am2bp2 amnbpn a

Definition 2 (Tensor). A tensor, also has the name of Nth-
order or N-way tensor, is the higher-order generalization of
a vector (one-way tensor) and a matrix (two-way tensor). A
N-way tensor is denoted as X € RI1*[2XXIN “where N is
the mode of the tensor and the element in a tensor can be
Wwritten as T;, iy, in»> n € 1,2, ..., I, 1 <n < N.

Definition 3 (Slice). The slice of an /N-order tensor is an
(N —1)-order tensor with the index of a particular mode fixed.
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In Fig. 1, a 3-way tensor X has horizontal, lateral and frontal
slices which are denoted by Xj;.., X.;. and X.., respectively.

Ll x

=

I L5 (a)horizontal slice
X, (1<i<I)

(b)lateral slice
X;(A<sj<h)

(c)frontal slice
X (<k<I)

Figure 1. Tensor slide.

Definition 4 (Unfolding). Given a tensor X €
RIvxIzxxIN g mode-k vector v is defined as the vector that
is obtained by fixing all indexes of X but varying the mode-k
index. We refer to the set of vectors associated different modes
of X as the vector space of mode. The mode-k unfolding,
or matricization, of X', denoted by X(k). Fig. 2 shows an
unfolding procedure of a 3-way tensor, which involves the
tensor dimensions Iy, I, I3 in a cyclic way.

2
3-way tensor

X

IZ

Figure 2. Unfolding of the (I; x Iz x I3) tensor X to the (I x I213)
matrix X(l)v the (IQ X 1311) matrix X(Q), and the (13 X 11[2) matrix X(3)

The outer product of three column vectors aoboc is a rank
one tensor given by (aobo c)ijk = a;bjcy, for all values of
the indexes.

Definition 5. The idea of CANDECOMP/PARAFAC (CP)
decomposition is to express a tensor as the sum of a finite
number of rank one tensors. A 3-way tensor X € RI1*12x1Is
can be expressed as

R
X = Zr:l a.r O b:r o C:r, (2)

with an entry calculated as

R
Lijk = E :T,

where R is the tensor rank with R > 0, a;y, bjy, ¢y, are the
i-th, j-th, and k-th entry of vectors a., € R, b.,. € R'2, and
c., € R, respectively.

Fig. 3 illustrates the CP decomposition. By collecting the
vectors in the rank one components, we have tensor &”’s factor
matrices A = [a.1,--- ,a.z] € RXE B =[b., - ,b.p] €

1 ainjerr (3)

I.

) R
14.12 I Ig/%kl ba,. Aﬁm row
jth row
I 11 ~ —m +,,.,+ C/—m =
,,,,,, 12 o ,,I,lHa“ IlHazR

- I
I,—=ith 7‘0’11}2

,,,,, J R

Figure 3. CP decomposition of a 3-way tensor as sum of R outer products
(rank one tensors).

R%2XE and C = [c.q, - ,c.p] € REXE, Using the factor
matrices, we can rewrite the CP decomposition as follows.

R
X=) arob,oc,=[ABC] ©)

An entry m;j, can be calculated as the sum of the dot
product of row vectors a;;, b;., and cj.. That is, x5, =
a;; e bj. e c;., where a;. eb;. e cp. = Zil airbjrCry is the
dot product of the three row vectors a;., b;., and cj. with
a; € RR b, € R™E and ¢ € R*E,

IV. SYSTEM MODEL AND PROBLEM

In this section, we first present the system model and
problem, then analyze the drawbacks in conventional tensor
completion solutions.

A. Problem Description

We model the network monitoring data as a 3-way tensor
X € RIxTzxIs (Fig, 2), where I, I5, and I3 correspond to
the number of origin nodes, the number of destination nodes,
and time intervals monitored, respectively. Each entry z;;;
indicates the end-to-end network monitoring data from the
origin node i to the destination node j in the time slot k.

If there are no network measurement data between a pair
of nodes in a given time slot, it leaves the corresponding
entry in X empty. All observed entries are denoted by
0 ={i,4,klxijr is known}. To reduce the cost, partial node
pairs are often monitored to reduce the measurement load.
In addition, there are unavoidable data losses upon severe
communication conditions. Therefore, X" is generally a sparse
and incomplete tensor. As many network engineering tasks
require the complete network performance information, the
accurate reconstruction of unmeasured data from partial traffic
measurements becomes a key problem, and we refer this
problem as the network monitoring data recovery problem.

B. Conventional Tensor Completion Approach

To recover the tensor X based on its measurement samples,
with the factorization based on the CP decomposition, the
network monitoring data recovery problem is defined as

min  F (as, bj., cx:) )]

ai,bjs ek,
where
F (ai;, by, ck:) = 5[(zijx — ai. e by, e i) || 7
A (S lall? + 5, 1B P + S llewe 1) ©

In Eq. (5) and Eq. (6), a;. is the ith row of factor matrix
A, bj. is the jth row of factor matrix B, cy. is the kth

Authorized licensed use limited to: SUNY AT STONY BROOK. Downloaded on December 27,2025 at 07:36:08 UTC from IEEE Xplore. Restrictions apply.



IEEE INFOCOM 2021 - IEEE Conference on Computer Communications

row of factor matrix C. The problem (5) above requires the
finding of the factor matrices A € RI'*E B ¢ RIEXE,
and C € R*% to approximate the tensor X' with the mini-
mum loss F (a;., bj., cx:). A is the regularization coefficients,
A (Zl Hai:||2 +22; Hbj:H2 +> ||ck;||2) is the regulariza-
tion item to prevent over-fitting problem.

Among various existing optimization methods for the loss
minimization, ALS [37] and SGD [24] are two kinds of
methods. The computation cost of ALS is much higher than
that of SGD, thus tensor completion algorithms usually adopt
the SGD method to train the factor matrices. It randomly
selects a sample m,;;, and applies the update rules (7) to
update the factor matrices iteratively.

a;: < & — eNa%FIJkJ (ai:7 bj:,ck':)
b;. < b;. — EN%F}M (ai:, by, cr:) 7

o
Ck: <= Ck: — €N 5o~ Fiji (ai:, by:, Ck:)

where Fijk (ai;, bj;, Ck:) = % (l'zjk —a;. e bj: ° Ck:)2 +
%Ni l|la. ||2+%Nj||bj; HQ"‘ﬁk”Ck: || is the local loss at sample
location (i, j, k) with N;, N;, Nj denoting the number of
observed entries on the ¢-th origin node, j-th destination node,
and k-th time interval in the X.

The iteration will continue until the loss difference between
two consecutive iterations is smaller than a given threshold
value or the given number of iterations is reached. The
parameter € in Eq. (7) is the learning rate.

D unsampled data

D sampled data . inferred data
R

I kth row
@} jth row

R B — [ 2N
R N A
Il 12

ith row

" )H_J H_J

Tensor factorization  Missing data recovery

Figure 4. Overview of tensor completion.

Fig. 4 illustrates the two main steps involved to solve the
CP based tensor completion problem. 1) tensor factorization:
training the latent feature vectors using the partial mea-
surement samples through SGD, 2) missing data recovery:
inferring missing tensor entries using the trained latent feature
vectors. After getting three latent feature matrices A, B, and
C, the network monitoring tensor can be recovered by

X =[A,B,C] ®)

with the recovered entry Z;;, = a; e b

P j: @ Ck: -
Zrlzl airbj'rck'r'

C. Drawbacks of The Conventional Tensor Completion

Despite its effectiveness, conventional tensor completion
algorithm has following inherent limitations in its model
design.

(a) Unable to accurately estimate the large missing
entries in the monitoring tensor. In the conventional ten-
sor completion problem (in Eq. (5)), the symmetric least
squares loss function is applied as a metric to guide the
training of the factor matrices, with goal of minimizing the
aggregate loss from the estimation of all observed samples

r{)lin > iken (xijk —a;. obj. e ck:)z. It provides the so-
a;.bj.ck. e
lutions that estimate the conditional mean of the observation

samples. Therefore, although conventional tensor completion
algorithms can work well when the application data follow
the symmetric normal distribution, it can not work well to
handle network monitoring data as they are highly skewed with
heavy tails. Following we present the experimental results to
demonstrate the limitations.

Real data distribution. We study the data distribution of
two network traffic monitoring datasets: Abilene [42] and
GEANT [43]. We found that 90% measured data are smaller
than 0.0076, yet the largest measured data value is 0.8857 in
Abilene, and 90% measured data are smaller than 2.8343¢4,
while the largest measured value is 9.2181e9 in GEANT. The
network data are highly skewed with heavy tails.

Estimation performance under conventional tensor com-
pletion. In the tensor completion problem formulated in
Eq. (5), measurement samples are applied to train the factor
matrices, which are used to recover the monitoring tensor
through Eq. (8). Following the update rules in Eq. (7), we
implement the SGD based tensor completion algorithm on
the traffic datasets with the sampling ratio set to be 30% and
present the recovery result in Fig. 5.

0.8 "
g # Ll 505
;o ).4 f‘ positiye go 2 positive
5 &
" negative 0¥ ceaive
0 0.5 1 0 0.5 1
Whole data ‘Whole data
(a) Abilene (b) GEANT

Figure 5. Error gap between origin data and recovery data. The values are
normalized to [0, 1] for the presentation convenience.

In these figures, the horizontal axis displays the individual
data values of the monitoring data, and the vertical axis records
the error gap (also called residual in next following section)
between a real value x;;; and its estimate a;. eb;. ecy., that is,
Zijr —a;; e bj. e cy.. In Fig. 5, we can find that the error gap
increases with the increase of data value. For the data with
small values, the error gaps are negative with small absolute
values, which indicates that the tensor completion algorithm
over-estimates the data. While for those data with large values,
the error gap is positive and increases with the increase of data
values. That is, the tensor completion algorithm underestimates
the data.

(b) Difficulty in setting the parameters for the tensor
completion. Learning rate ¢ is an important parameter for
effectively training factor matrices using the measurement
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samples. It determines the size of the steps which the SGD
optimizer takes along the direction downhill until reaching
a (local) minimum (valley). If the learning rate is low, the
training process is more reliable, but it will take a long period
of time to converge. If the learning rate is high, the training
process may not converge or even diverge. The update of the
factor matrices will be so big that the tensor factorization
overshoots the optimal solution and makes the loss worse.
Some studies also indicate that an inappropriate learning rate
will also increase the deviation of the completion result.

V. EXPECTILE TENSOR COMPLETION PROBLEM

Experimental results in Fig. 5 show that the error gaps
(residuals) are negative on small monitoring data, but are pos-
itive on large monitoring data. Following these observations,
we propose to formulate a new expectile tensor completion
problem to well capture the data distribution.

Inspired by the quantile regression [38], [39], Newey and
Powell apply different weights to the positive and negative
residuals in the least-squares algorithm and propose the asym-
metric least squares, named expectile regression [40]. With
respect to each y; and a given w € [0, 1], the wth expectile
regression is expressed as follows:

min}_fw =T (yi < 0)| ()" ©)

i=1
where [ is the indicator function and [ equals to 1 when y; < 0
otherwise I equals to 0. And (9) can be further expressed as:

H;in;(l —w) (y)2 +w ()] (10)

indicate the cases y; < 0 and y; > 0,

where (y;)_ and (y;)
respectively. Let

p(yi) = lw—1I(y: <0)| (y:)° (1

Fig. 6 illustrates the shape of
p (y;). We can see that when w >
0.5, the weight in the positive
residual is larger than the weight
in the negative residual, and vice
versa when w < 0.5. Obviously,
when we set w = 0.5, the asym-
metric least squares equals to the
normal symmetric least squares.

Based on expectile regression, we formulate the expectile
tensor completion problem as follows:

Figure 6. The shape of p (y;).

min  F(a;,bj., k)
a;.,bj.,cp.

(12)
where
F (@i, by, 05:) = 5 30 5 kyen P (Tigk — ai: ¢ bj: e c.)
32 (Sl + 5, b l” + Xy llews 1)
and (13) can be further expressed as:
2
F(ai, by, cr:) = 3 2 peq (1= w) [(wijr — ai e by e ci:) ]
2
+w [(%k —a;.ebj;. e Ck;)JJ

+3 (3 Nl + 52, b2 + 52, e )

13)

(14)

In the formulation, we weight each residual z;;, —a;. eb;. e
ci. by w or 1 — w, conditioned on whether it is positive or
negative.

Our expectile tensor completion in (12) provides a flexible
problem formulation for different focuses of the data recovery
by setting different w. Experimental results in Fig. 5 show
that the error gaps (residuals) are negative on small monitoring
data, but are positive on large monitoring data. According to
the results, if we care more about the large data (i.e., elephant
flow), we set w > 0.5. If we care more about the small data,
we set w < 0.5. When we set w = 0.5, it equals to the
traditional symmetric least squares, which is usually adopted
by current tensor completion algorithms. In Section VII, we
will show how w impacts the performance of missing data
recovery.

VI. TENSOR COMPLETION ALGORITHM

Let look at the expectile tensor completion problem in Eq.
(12). According to the residual between the real and estimated
values, the weight to each sample entries has a different value.
We use the weight tensor P to denote the sample weight, the
expectile tensor completion problem with respect to a;., which
is the 7-th row in factor matrix A, can be further written as:

- ai:m:h)2 + %Haz ||2

F(a;) = %Zh (P(l))ih ((X(l))
(15)

where P (1), X (1) € RI'*Z1 (Z) = I3 x 1) are the mode-1
unfolding matrices of the weight tensor P and the monitoring
tensor X'. m., (1 < h < I3 x I5) is the hth column in My,
and M can be further expressed as: M; = (C ® B)” where
® is Khatri-Rao Product.

Through ALS and SGD, we can design algorithm to solve
the problem in Eq. (15). However, as discussed in Section
IV, ALS has a large computation cost, while it is hard to set
a proper learning rate of SGD. To conquer the limitations,
instead of ALS and SGD, we propose a novel expectile tensor
completion algorithm which is iteratively executed with new
update rules, then present the proof of the convergence of our
algorithm.

ih

A. Algorithm Design

Our tensor completion algorithm executes iteratively until
it converges. For the first iteration, we give the update rules
as follows:

a?: = a?: * & t = 1
af) (M? (M9)" + AI)
T
bl = bl ¢ ) (M) t=1 (16
=b’, -
bY, (Mg (M) + A1)
X M) "
Cl = . * O( (z))k:(():) t=1
Ch: (Mz (Mg)" + )\I>
where af, b), and cj, are the ith row, jth row, and kth

row of initial factor matrices A%, B?, and C° with val-
ues randomly set. In (16), MY € RE*%1 (7, = I3 x I,),
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Mg € REx22 (Z2 =13 x Il), Mg € RExZs (Zg =1 x Il)
are expressed as follows:
M(l) _ (CO o) BO)T
M= (C°0A%)"
Mg _ (BO o) AO)T
where ® is Khatri-Rao Product. After the first round, the
update rule can be written as follows:

t =1, <(X(1))i; * (P(l)):jl) (MQ_I)T

an

a; =a; a,fv:_I i_l t>1
X P My!
PR LYY L
o (xe). <P<3> ) ()"
Ck: = Cp;  * P =1 t>1
k: 3

In the ¢-th iteration step, the weight tensor is denoted by P!~1.
In (18), (P(n))" " (n = 1,2,3) is the mode-n unfolding ma-
trix of the welght tensor 73“ L with its entry i k = w if the
residual ngk x k is positive value, pt k = 1—w if the resid-
z; kl is negative value. x ik is the estimated entry
in the previous iteration step with xt kl = at ! bt le c’,fC !
where at ! bt L and c are the 7th jth and kth row of
the factor matrlx Al Bt LCl (P, )) B
of (P(n)) . Similarly, X1, X(2), and X(3) are the mode-
1, mode-2, and mode-3 unfolding matrices of the monitoring
tensor X * in (18) represents a scalar product of two row

ual x5, —

is the ith row

vectors. LQit, . 'are square matrices, and we have
Qi” = (Ml)H (MY 4T
Q' = (M;)H (M5 I (19)
Q' = (M;)H (M5 I

where I is an identity matrix, (M/l)t_l € REX% (7, =

Iy x I), (M;)H € RRX% (7, = Iy x 1)), (M;)H €
REXZs (73 = Iy x I). -

For (n=1,2,3), the h-th column of (M;L) can be
calculated from following equation.

(M1, % (P

(Mn)Hx P.y) ot
2h ( ( ))m 20)

(M5 (Pl

Obviously, the update in Eq. (18) does not depend on the
learning rate in SGD, we only use the previous iteration result

af 1 bt L CZ I to calculate the current updated a bt
As a result, unlike SGD, our algorithm can be easﬂy
1rnplemented without requiring any prior knowledge to set the
parameters. In the following subsection, we will prove the
convergence of the tensor completion algorithm based on the

update rules in Eq. (18).
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B. Convergence Analysis

We show that the updating rules monotonically reduce the
values in the objective function of Eq. (15) .

We update A with B and C fixed. Since the objective
function in Eq. (15) is summed over a;, and in order to
simplify the derivation process, we use X to replace X(y),
P to replace P (1), and Z;;, p;, represent the (i, h) entry of
X and P respectively. Thus, the objective function in terms
of a; can be rewritten as follows:

F (a;;) = %Zhﬁih (Fin —azm.,)? + %AHai;HQ (21)

where a;. is the ith row of factor matrix A, m.; is the hth
column of matrix M; = (C ® B)”.

Based on Eq. (21), we build an auxiliary function
G (a;., al,) which is expressed as follows:

G (ai, al) = F (%) + VF (al) (ai —al)"
) k@) @)’
where K (a!,) is the diagonal matrix,
Kin (ai.) = 0in (25.Q1),, /ain (23)
Theorem 1. Auxiliary function G (a;.,al)) satisfies:
G (ai,a}) > F(ai), G(ai,a:)=F (ay) (24)

Proof. the second-order Taylor expansion to Eq. (21) can be
calculated as follows:

Fl(a:) = F (ab) + VF (a.) (ai. — a%)"
1 t t t\T (25)
3 (s~ o) Q) (o - al)

Since G (a;.,al.) = F(a;.) is obvious, we only need to
prove G (a;.,al) > F(a;), which requires us to prove the
following

G (asat) — Flas) = (an —a%) (K (a%) — Q1) (s —at)” >0
(26)
To prove (26), we construct a matrix S' with its
(I,m) (1 <I,n < R) entry expressed as follows:
Sin (ai:) = ai (K (ai.) — Q1),, @in 7

In following contents, we first prove that S?! is positive

semidefinite, based on which, we can prove K (al) — Q} is
semi-definiteness.

= qt (= \T ~oot

Xi:S" (Xi:)' = ZinZTiuSinTin

~ t t t ~ ~ t t t ~
= XimTaay (K (ai:))ln AinTin — LilAj1q1nAinTin
t t t ~2 ~ t t t ~
= Yini1qin Gin Ty — Til@qin GinTin (28)

S R
= Xing1n0i1Qin (Ti] — TiTin
t t 12 1~2 ~ o~
= YinGin0i0in (570 + 55, — TuTin)
1 bt ot~ 2 N2
= 5 X q1n i1 Qi (Tit — Tin)” >0

where X, is the ith row of X, sy is the (I,n) entry of
S!. We can conclude that S? is positive semidefinite. As the
necessary and sufficient condition for K (af) — Q} to be
positive semidefinite is that S’ is positive semidefinite, we
have K (al,)— Q! is positive semidefinite. Therefore, we have

(ai: - a'ti:) (K (a'tb) - Qtl) (a’iz - a'ti:)T 2 0 (29)
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Theorem 2. Following the update rule,
((Xw), * (Pw);,) (v2)"
altt = al «
(S 2 an«i

F (a;.) is non-increasing and converges to its minimum.

(30)

Proof. The proof includes two parts. In part 1, we prove that
the update rule of a;. is the solution of G (a;., al,). In part 2,
we prove that F (a;.) converges to its minimum.

Part 1. We take the derivative G (a;., al) of VG (a;.,al,)
and set it to O:

t4+1 t
ai:+ = a;:

VF (aj.) (3D

-k (ai) !
where VF (al) is the derivative F(a

VF (al,) can be written as:

t), according to (15),

VF (a}) =
A\t
al (M1) (M)" — (X)), * (Pay)L) ()" + 2a,
(32)
replacing VF (al.) in Eq. (31) by Eq. (32), we obtain:
t T
a::kl _ az: % ((X(l))z * (P(l))z) (Ml) (33)

a;. Q1

Part 2. According to theorem 1, we have G (a;,al) >
F' (a;.), therefore F' is nonincreasing under the update rule:

t+

a;' = arg minG (a;,al.) (34)

Therefore, we have F(alf') < G(alf'al) <
G (al,al) = F(al). We want to point out that F( ) =
F(al) is satlsﬁed only if a} is a local minimum of
G (a;.,al). Thus, by iterating the update rules in Eq.(33),
we obtam a sequence of estimates that converge to a local
minimum (&min); = arg mina, F (a;;) of the objective
function:

F ((aes,) < (27

(35)
< F(az) < F(al)

F(a"),,
F (ao),,

I/\ IN

O

We use Fig. 7 to further illustrate the update process under
our update rules. Obviously, with the update of a‘, calculated
in Eq(30), the minimum of the G(a;,al) approaches the
minimum of F(a;.) step by step.

VII. PERFORMANCE EVALUATIONS

To evaluate the performance of our proposed Expectile
Tensor Completion (ETC) model, we use the real network
monitoring traces from two sources: the U. S. Internet2 Net-
work (Abilene) and the pan-European research backbone net-
work (GE’ANT). Abilene network contains 12 nodes, GEANT
contains 23 nodes. Abilene records the data in every 5 minutes
for 168 days. GEANT records the monitoring data every 15
minutes for 112 days. We set the default sampling ratio to
30%. Due to space constraints and the results of the two

IEEE Conference on Computer Communications

y

GG, F(a,)

a a)\ X

G(a’a,)>F(a,?)

' G(a,',a,’) > F(a,")
F(a’i:) F(a/:)

ai:ﬁl\ X
28, )=F (3 min)

RN X

G(a,’,a,’)>F(a,’) G(a,'

Figure 7. With the update of at the minimum of the G(a;., at 7.) approaches
to the minimum of F'(a;.) step by step.

datasets are similar, we only present the experimental results
on GEANT.

Metrics. We use three metrics to evaluate ETC as shown in
Table.l. z;;, and Z;;, represent the origin data and recovery
data at (7, j, k)-th element of the monitoring tensor X’ respec-
tively, where 1 < ¢ < 1, 1 <j < Iy, 1 <k < I3 Q denotes
the sampled entries in X, while ) represents the unsampled
entries (also named test entries). SER counts the error ratio on
sampled entries and TER counts the error ratio on unsampled
entries.

Table 1
PERFORMANCE METRIC

\/Zi,j,kes‘z (@ij—2ijk)?
\/Ei,j,keﬂ 3,

Vi gken @ige—ign)?
\/Zi,j,ke() I?;k

|zi.jk*”ijk:‘ ((7;’]-7 k:) c Q)

Tijk

Sampling Error Ratio (SER)

Testing Error Ratio (TER)

Relative Error (RE)

A. Impact of rank R
To identify the proper rank set-

ting for our monitoring tensor, 8000
we vary the rank R and show 6000
Loss (Zi,j,k (-Ti,j,k —Lf?i7j7k)2) in §4000
Fig. 8. As expected, an under- 2000
estimated rank R results in big 0

0 50
Rank

loss, as CP decomposition with 100

too small R cannot well capture
the full structure of the data, while
large R brings more computation complexity and thus large
computation time. According to Fig. 8, we set R = 35
(GEANT) in our rest experiments.

Figure 8. Impact of rank R.

B. Convergence Behavior

In Section V, we have presented our tensor completion
algorithm and also proven that tensor completion algorithm
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converges. Fig. 9 further show the convergence behavior of our
ETC algorithm. To evaluate the convergence behavior, we use
recovery loss, Loss on Sampled Data 5" (2% — #i.%)°
i,5,k€Q
and Inferred Data > (z; ;% — g%i7j7k)2, where 1 < ¢ < Iy,
i,5,keQ

1 <j < I 1 §J ke < I3, and z; ;1 and Z;;; are the
raw and recovered data values. Obviously, in all experiment
scenarios with the use of different traces, losses in the ETC
implementations with various parameters (w = 0.1,w =
0.25,w = 0.5,w = 0.75,w = 0.9) decrease with iterations
and converge to a stable value quickly, which is consistent
with Theorem 2 in Section VI-B. This demonstrates that our
ETC algorithm in Section VI-A is efficient and effective to
solve the expectile tensor completion problem in Eq.(12).

! w—0.5 —w-0.75 w=0.9 1
82000 8 6000
£ 5 ool
= = 34000¢
° 51000\, S R
&9 2 .2000}
= S g _—
S 0 g 0 '
@ 0 100 200 300 g 0 100 200 300
Iteration Iteration

Figure 9. Convergence behavior.

C. Impact of Parameter w

As we discuss in Section V, expectile tensor completion
provides a flexible problem formulation for different focuses
of the data recovery by setting different w. Among the whole
dataset, we select two parts to investigate how w impacts the
recovery performance. The first is the sub-dataset, denoted
by BIG value, consisting of the data entries with the value
larger than 0.9 quantile of the whole dataset. The second is
the sub-dataset, denoted by SMALL value, consisting of the
data entries with the value smaller than 0.1 quantile of the
whole dataset.

2 2
& Bl
&2 =

0 0

0.1 0.25 0.5 0.75 0.9 0.1 0.25 0.5 0.75 0.9
w w

Figure 10. Impact of w on the data with BIG value.

4 4
o o

2 2
2 =

0 0

0.1 0.25 0.5 0.75 0.9 0.1 0.25 0.5 0.75 0.9
w w

Figure 11. Impact of w on the data with SMALL value.

Fig.10 shows the recovery performance under different w
(i.e., 0.1,0.25, 0.5, 0.75, and 0.9) on the data with BIG values.
While Fig.11 shows the recovery performance on the data with
small values. The error ratios SER and TER decrease with the

increase of w on the data with BIG value. While the error
ratios SER and TER increase with the increase of w on the
data with SMALL value. According to the results, if we want
to accurately recover the data with big values, we should use
a larger w. Otherwise, if we want to accurately recover the
data with small values, we should use a smaller w.

D. Comparison with Other Tensor Completion Algorithms

Besides ETC, we implement other four tensor completion
algorithms CP-nmu [44], CP-opt [45], CP-als [4], and Tucker
[46].

1) Performance on The Data with BIG Value

Fig.12(a) show the recovery performance on the data with
BIG value with different sampling ratios. In this case, we focus
on large data entries and set w = 0.9 in our ETC. As expected,
with the increase of the sampling ratio thus sample data, TER
decreases and thus better recovery performance is obtained.
The recovery performance achieved by ETC is significantly
better than the peer tensor completion algorithms. When the
sampling ratio is low at 10%, the recovery error ratios on
the large missing data is 0.2 using ETC, but is 0.7 using the
reference tensor completion algorithms, which is 3.5 times
larger. All these recovery performance results demonstrate that
our ETC can achieve good recovery quality for data with big
values.

{— CP-nmu — CP-als —CP-opt —Tucker —ETC-w

__________________________________________ J

0.4
50| =03
=0 =02
0.2 04 0.6 0.8 0.2 04 0.6 0.8
Sampling ratio Sampling ratio
(a) w=0.9 (b) w=0.1

Figure 12. Comparison with different tensor completion algorithms.

From the probability theory and statistics, the cumulative
distribution function (CDF) describes the probability for a
real-valued random variable X to have a value less than or
equal to z, and F(z) = p(X < z). Therefore, to describe the
distribption of individual relative error on the missing data,
w ((i,7, k) € ©), Fig.13(a) shows the CDF results of
the individual error ratios under the sampling ratio of 30%.
Obviously, ETC-0.9 has much better recovery performance

and can achieve low error ratio with a high probability.

1 1 '
_/
=9 87 £
no.s| /7 [0.5 [ 4
@] f' Q
06 2 % i 2
Relative error Relative error
(a) w=09 (b) w=0.1

Figure 13. CDF of relative error via ETC with w=0.9 & w=0.1 on the data
with BIG & SAMLL value
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2) Performance on The Data with SMALL Value

Although this paper focuses on accurately recovering large
entries as they are especially important to lots of network ap-
plications, we also implement experiments by setting w = 0.1
in our ETC to investigate the performance on the data with
SMALL value. Fig.12(b), and Fig.13(b) show the experimental
results. Obviously, our ETC-0.1 achieves the best recovery
performance on the data with SMALL values as well.

These experimental results also demonstrate that our ETC
has the ability of providing a flexible problem formulation
for different focuses of the data recovery by setting different
weight w.

E. Comparison with SGD (Stochastic Gradient Descent)

Besides our ETC, we implement two groups of SGD based
tensor completion algorithms.

Group 1 (ESGD): The missing date recovery problem is the
same as our expectile tensor completion problem in (12). We
apply the SGD to solve the problem in (12).

Group 2 (SGD): The missing data recovery problem is
formulated in its conventional formulation in (5). We apply
the SGD update rules in (7) to solve the problem in (5).

For data with BIG value and SMALL value, we set w =
0.9 and w = 0.1 in ESGD and our ETC, respectively. For
ESGD and SGD, to investigate how the parameter learning
rate impacts the recovery performance, we vary the learning
rate from 0.1 x 1074 to 1.5 x 107

w=0.9 w=0.1
o 0.5 =05
ETC ETC
0-I5T0501 1510501 0570501 1510501
learning rates (x10™) learning rates (<107
(a) BIG value (b) SMALL value
Figure 14. Recovery accuracy comparison with SGD approaches under

different learning rates.

—

< |w=09 g w=0.1
& X
:E)O‘S - EO.S
gn ST ‘én TC
£ 0510501 1510501 E 05710501 1510500
2 learning rates (x10™) 2 learning rates (<107
(a)BIG value (b)SMALL value

Figure 15. Speed comparison with SGD approaches under different learning
rates.

Fig.14 show the recovery performance on the data with BIG
value and SMALL value, respectively. As expected, ESGD and
SGD achieve smaller error ratios thus higher recovery accuracy
with a small learning rate. However, the small learning rate
results in large computation cost and small recovery speed in
Fig.15. When the learning rate is set to be very small (0.1 x
10~%), the accuracy of ESGD-0.1 x 10~* is similar to those
values of our ETC in Fig.14, respectively. However, our ETC’s
speeds are nearly 8 times that under ESGD-0.1 x 10~% in
Fig.15. These results demonstrate that our tensor completion

algorithm in Section VI-A is very effective and efficient to
obtain the optimal solution.

In Fig.14, we also observe that the error ratio TER under
ESGD is much smaller than that under SGD. This is because
that ESGD adopts expectile tensor completion problem formu-
lation in (12) instead of the conventional formulation in (5).
These results also demonstrate that our expectile regression
enhanced formulation of tensor completion is general and
effective to handle skewed data sets.

VIII. CONCLUSION

Accurate inference of missing network traffic data is of
great significance in network monitoring. Through experi-
mental studies, we found network monitoring data are highly
skewed with heavy tails. When we apply conventional tensor
completion algorithms to these real datasets, we also found
that the entries (especially the ones with large data values)
inferred may have some large deviation from their true values.
This is due to the conventional method of minimizing the mean
square error tends to interpret the centrality of the data.

To address the issue, we apply expectile regression to the
tensor completion and propose a novel problem formulation,
expectile tensor completion, to better follow the data distribu-
tion for more accurate recovery of the large missing entries. It
is an asymmetric least-square problem and can reflect both the
centrality and the tail behavior of the data by setting different
weights. Instead of ALS and SGD which are usually adopted
to solve conventional tensor completion problem, we propose
a simple yet efficient tensor completion algorithm. We further
provide a detailed proof of the convergence of our algorithm
by building an intelligent auxiliary function. We have done
a great deal of experiments to assess the accuracy of ETC,
and the results demonstrate that our algorithm is superior to
the state of the art algorithms, especially in the recovery of
extreme data. At the same time, our algorithm performs well
even the sampling ratio is low.
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