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TransistorJunction
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1Figure aofdiagramSchematic: npn underandequilibriumintransistor
law:KirchhoffBybias.applied

I E = I C + I B ∼∼ I C

intoholesofinjectionparasiticandbasetheinrecombinationNeglecting
thanimpedancelargermuchathroughflowscurrentcollectortheemitter,†

current,emitterthe gain.powerthewhence

_______________

tocomparedsuppressedisemittertheintoholesofinjectiontransistor,homojunctionaIn†

factorthebyonlybasetheintoelectronsofinjectionusefulthe
pn 0

np 0____ =
N A (base)

N D (emitter)____________ .

basehenceandemitterthetocompareddopedlightlybemustbasethethatmeansThis
concern.aisresistance

fasterforbasethinnerresistance,baselowerforbasethickertrade-off:fundamentalThe
base.theacrossdiffusion
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∆ Ε V

Heterojunction bipolar transistor
(HBT)

n p n

Ie Ic

Ib

Veb

Vcb
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2Figure heterojunctionandHomojunction: npn transistor

junctionbase-emittertheattransistorhomojunctionIn

J E
(e ) ∝ e Φβ− 1

J E
(h ) ∝ e Φβ− 2

J E
(e )

J E
(h )

____ =
N D (emitter)

N A (base)____________

efficiencyEmitter ≡η
J E

(e ) + J E
(h )

J E
(e )

__________ ∼∼ 1 − .ratiodoping

transistor:heterojunctionIn

J E
(e )

J E
(h )

____ =
N D (emitter)

N A (base)____________ × e β− ∆ E V
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transistor(homo)junctiontoBack .

emitterthanlowermuchbemustdopingbasethewhyunderstandWe
emitterthanlowermuchbemustdopingcollectorthewhyNowdoping.

?doping

N D (emitter) >> N A (base) >> N D (collector)

answer:Threefold

For— W B ondependencelittlehaveto V cb impedance)outputhigh(need

capacitancebase-collectorlowerto— Ccb

voltage)breakdown(increasejunctionbase-collectorinfieldthelowerto—

n p n

Ie Ic

Ib

Vce

Φ1

Φ2

Ic (mA)
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40
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Ib

0.1

0.2
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0.5

= 0.6 mA

Vce

3Figure steppediscurrentBasecharacteristics.transistorCommon-emitter:
largermuchbyincreasescurrentemittertheandmA0.1ofincrementbyup

gaincurrentHereamounts. β ∼∼ .100
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gaincurrentandfactortransportBase .

equation:continuitytheFrom

n −′′
L D

2
n____ = 0

n (x ) = A e L D

x___

+ B e
−

L D

x___

atconditionsBoundary x atand W :

n (0) =
N A

ni
2

____ eβ V eb

n (W ) =
N A

ni
2

____ eβ V cb ∼∼ 0

☛ n (x ) = A sinh 
 (W − x )⁄L D


 =

(sinh W ⁄L D)

n sinh(0) 
 (W − x )⁄L D


_______________________

☛ Jn (x ) = De
∂ x
∂ n____ =

L D

nDe (0)_________
(sinh W ⁄L D)

cosh 
 (W − x )⁄L D


___________________

alpha:factortransportbaseThe

≡α
Jn (0)

Jn (W )_______ =
(cosh W ⁄L D)
1____________ ∼∼ 1 −

2 L D
2

W 2
_____

J(0) J(W)

JB

gain:Current =β
∂ I B

∂ I C____ law,Kirchhoff’sBy. =β
1 α−

α______

efficiencyemitterwithCombined η ofinsteadtakewe, α productthe ηα .
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gaincurrenttheofdependenceFrequency .

1
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102

104

β

frequency  f  (GHz)

0.1 1 10 100 1000

fT

static gain

20
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40

(dB)
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10 dB/dec

5Figure rolls-offgaincurrentthefrequencieshighAtgain.High-frequency:
1as(i.e.decadedB/per10at ⁄f hasanduniversalquiteisbehaviorThis).

efficiency.emitterorrecombinationeitherwithdotonothing

frequencycut-offcharacteristicThe f T unityofconditionthebydefinedis
(gaincurrent →β delaypropagationthetoduemainlyisand)1 τ minorityof

base.thethroughcarriers†

f T =
2 τπ

1____

general,In =τ W ⁄v where, v carrierminorityofvelocityaveragetheis
transport,diffusiveForpropagation.

τD =
2 D
W 2
____ << τC .

_______________

thisconfusenotDo† τ longer).muchtypicallyis(whichlifetimecarrierminoritythewith
bylifetimeminority-carrierthedenoteusLet τC ("capture" time).
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forexpressionanderiveusLet α ( f equation:continuitythewithBegin.)

∂t
∂n___ = D

∂ x 2
∂2 n____ −

τC

n___

Take

n (t ) = n 0 δ+ n e i ωt

where n 0 = n 0 (x andsolutionstatictheis) δn δ= n (x harmonictheis)
frequencyatamplitudevariation ≡ω 2π f .

forequationstatictheBoth n 0 forequationdynamictheand δn similarofare
form:

∂ x 2

∂2 n 0_____ − L D
− 2 n 0 = 0

∂ x 2
∂2 δn_____ − L − 2 δn = 0

where

L D
2 ≡ D τC

L − 2 = L D
− 2 (1 + i τω C)

ωτC >> 1
∼∼

D
i ω___

form):(intoosimilarareequationsbothtosolutionsThe

n 0 (x ) = A sinh


 L D

W − x_______




δn (x , ω) = B sinh


 L

W − x_______




toanalogy(infindwewhence α0 =
(cosh W ⁄ L D)
1____________

α (ω) ≡
∂ J ,(0 ω)

∂ J (W , ω)__________ =
(cosh W ⁄ L )
1___________
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highsufficientlyAt ω (nothing’s "spectacular" just, τω C >> havewe)1

L
W___ = √2i τω D where τD =

2D
W 2
____

= √2i τω D remember √i = e i ⁄π 4 =
√2

1 + i_____

α (ω) =
(cosh W ⁄ L )
1___________ =



 e2 ωτ− D e − i ωτD

1( + i ωτD ) − 1

for ωτD >∼ 1

for ωτD << 1

typically,transistors,modernIm W <∼ 1,000 A and D ∼ cm50 2 s − 1 .
20sayto,(upmeasurementthetoaccessibleeasilyfrequenciesatTherefore,

typically,has,oneGHz) τD <∼ 10 − 12 ands ωτD << .1

α (ω) ∼∼
1 + i ωτD

1_________ ∼∼ e − i τω D

β (ω) =
1 α−

α______ =
1 − e − i τω D

e − i τω D
__________ =

(sin2 ωτD ⁄ 2)
− ei − i ωτD ⁄ 2
____________

β (ω) =
2  (sin ωτD ⁄ 2) 

1_______________ ∼∼ τω D

1_____

thatsuchHBTandesigntopossibleisitheterostructures,Uisng α (ω does)
largeforevensignificantly,inspiralnot ω ’s – circlethetocloseremaing

(iexp ωτ anglesphasefor) τω=φ aslargeas =φ 2π Such. coherent
transistors ofcapableare,† " deathafterlife " abovegaincurrentshowing, f T

abovegainpowerand f max.

_______________

Luryi,S.andGrinbergA.A.† " transistorCoherent ", DevicesElectronTrans.IEEE ED-40,
(1993).1512-1522pp.

Gorfinkel,B.V.andGrinberg,A.A.Luryi,S. " withtransistorbipolarHeterostructure
carriersminorityofdiffusionforwardenhanced ", Lett.Phys.Appl. 63 (1993).1537-1539pp.,
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conductanceoutputfiniteandshrinkageBase .

Ic (mA)

20

40

60

0.2

0.4

Ib = 0.6 mA

Vce

VA

Early voltage

Vce

Emitter

Base

Collector

Figure effect.EarlyandshrinkageBase:

inconstantbemustcurrentminorityinjectedtherecombination,Neglecting
base,the ∇→ . J

→ = thenonly,diffusionbyiscurrenttheIf.0

dx
dn___ = const =

W
n (0) − n (W )_____________ ∼∼

W

np 0 e βV eb

_________

W anhasonecurrent,basefixedaatHence,bias.collectorthewithshrinks
effect)(Earlycurrentcollectorincreasing

I C ∝




1 +
V A

V cb____




it.withoutbetterlivewedetrimental;isconductanceoutputFinite

widthbasetheondependsvoltageEarlyThe W numberGummeltheand
n G = N A W For. W >> hasonewidth,depletionjunctionBCthethan

V A ∼∼ ε
Ne A W 2

_________ ≡
ε

ne G W_______
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modelEbers-Moll

B

C

E

α I I R

REx

E

i
E

RCx

C

i
C

CCx

B

RBx
i

B

α N I F

I F I R

1Figure theindicateslineDashed: "intrinsic" excludingdevice,theofportion
"parasitic" elements.extrinsic

internaltheincludetospecifiedfurtherbecanblocksdiodetheformodelThe
capacitance.junction
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HBTjunctionabruptanofcircuitequivalentSmall-signal

B

RE

CE
α

C
α

B
i

E

REx

E

i
E

RCx

C

i
CCC

RB

CCx

RBx
i

B

∆ Ε V

2Figure forgoodismodelThis: "ballistic" theacrosscarriersofpropagation
adjusted,†bemustportionintrinsicthepropagation,diffusiveForbase.

_______________

Luryi,S.andGrinbergA.A.† DevicesElectronTrans.IEEE ED-40 (1993).1512-1522pp.,
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analysissmall-signalofElements

variablesAll A (t varyingconsideredare) harmonically rangesmallain
point:dcaabout

A (t ) = A 0 δ+ A e i ω t

I (t ) = I 0 δ+ I e i ω t

V (t ) = V 0 δ+ V e i ω t

e.g.,notations,alternativeMany i and v ofinstead δI and δV .

The δA are’s complex fields,position-dependentbemayquantitites, δA (x→ .)

differentbetweenrelationshipThe δA betweene.g.’s, δV and δI (generalized
point.dcchosentheondependadmittances)orimpedances

2 -PORT

I1 I2

V1 V2

δ

δ

δ

δ

common
terminal

3Figure (2-portsareTransformerstwo-port.General: "passive" theFrom).
amplifiers.two-portaretransistorsview,ofpointsmall-signal

matrixAdmittance :



 δI 2

δI 1 



=


 y 21

y 11

y 22

y 12 





 δV 2

δV 1 


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matrixAdmittance :



 δ I 2

δ I 1 



=


 y 21

y 11

y 22

y 12 





 δ V 2

δ V 1 



example:For

y 11 ≡


 d V 1

d I 1_____


 V 2

admittanceinput,

matrixImpedance :



 δ V 2

δ V 1 



=


 z 21

z 11

z 22

z 12 





 δ I 2

δ I 1 



example:For

z 22 ≡


 d I 2

d V 2_____


 I 1

impedanceoutput,

(h-parameters)matrixHybrid :



 δ I 2

δ V 1 



=


 h 21

h 11

h 22

h 12 





 δ V 2

δ I 1 



example:For

h 21 ≡


 d I 1

d I 2____


 V 2

gaincurrentforward,

theofspecificationinvolvesessentiallyparameterstheseofDefinition
conditionboundary Thusport.anotheroroneat

h 22 foradmittanceoutputtheis open-circuit port.input

y 22 foradmittanceoutputtheis short-circuit port.input

h 21 forgaincurrentforwardtheis short-circuit etc.port,output

(parametersofsetEach z -parameters, y -parameters, h is-parameters) complete
unambiguously.setsotherthederivetousedbecanitthatsensethein
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configurationsterminalCommon

I 1 I 2

V1 V2

δ

δ

δ

δ

common
terminal

I1 I 2

V1 V2

δ

δ

δ

δ

common base

BE C

B

C

E

I1

V1

δ

δ

I 2

V2

δ

δ

common emitter

B

C

E
I1

V1

δ

δ

I 2

V2

δ

δ

common collector

4Figure differentverytorisegiveconfigurationscommon-terminalDifferent:
aregainscurrentshort-circuittheThus,parameters.

h 21
e β≡ h 21

b α≡

henceand

h 21
e =

h 21
b

1 − h 21
b

_______
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parametersIndefinite

(common-configurationsdifferenttocorrespondingsetsparametertheofAll
another.onefromderivablearecommon-collector)common-emitter,base,

inbest(workstrickconvenientA y disregardtoisrepresentation)-parameter
port:additionalanasterminalthirdthetreatandreferencecommonthe

I 1δ

V1δ

I 2δ

V2δ

I 3δ V3δ

5Figure matrix:indefinite:





 δ I 3

δ I 2

δ I 1






=





 y 31

y 21

y 11

y 32

y 22

y 12

y 33

y 23

y 13










 δ V 3

δ V 2

δ V 1






forworkshouldmatrixthethatfacttheandLawKirhhoff’sFrom arbitrary set
of δ{ Vi } indefinitetheinrows)(orcolumnsallofsumthethatfollowsit

zero.ismatrix

allofsumthethatfactthe2,and1portsatcircuitshortaassumeweifThus,
thethatimplieszerobemustcurrents Σ of y thein-parameters third column

on.soandvanishes,

thethatproveTo Σ eachinvanishmust row threeallifthatnotewe, δ{ Vi }
port.anyatflowcancurrentacnoequalare

configurationcommon-terminalonefromtransformtosimpleexceedinglyisIt
theknowweifThus,another.to y theconfiguration,basecommonin-matrix

is:matrixcommon-emittercorresponding





 y 31

y21
b

y11
b

y 32

y22
b

y12
b

y 33

y 23

y 13






→





 y 31

y 21

y 11

y 32

y 22

y 12

y 33

y 23

y 13






→





 y 31

y 21

y 11

y21
e

y11
e

y 12

y22
e

y12
e

y 13 




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definitions:gainPower

• gainPower G inputpowertoloadthetodeliveredpowerofratiotheis
network.theinto

circuits.loadtheandinputthebothondependsIt

• gainavailableMaximum afromachievablegainmaximumtheis(MAG)
feedback.externalwithouttransistorparticular

gainforwardofvaluetheequalsMAG G thebothwhenresultswhich
simultaneouslyareoutputtheandinput matched Forway.optimumanin

matchedberesistanceloadthethatrequiresMAGofrealizationexample,
resistanceoutputtheto Re (z 22).

• gainUnilateral U itafterdeviceaofgainpoweravailablemaximumtheis
circuit.feedbackreciprocallosslessaaddingbyunilateralmadebeenhas

and(inductancesamplifierthearoundnetworklosslessthethatmeansThis
zero.togainpowerreversethesettoassoadjustediscapacitances)

isgainUnilateral independent !configurationcommon-leadof†

gainunilateralThe U equivalentfollowingtheofanyfromcalculatedbecan
expressions:

U =
[4 Re (z 11) Re (z 22) − Re (z 12) Re (z 21 ])

 z 21 − z 12  2
___________________________________ ;

=
[4 Re (y 11) Re (y 22) − Re (y 12) Re (y 21 ])

 y 21 − y 12  2
___________________________________ ;

=
[4 Re (h 11) Re (h 22) + Im (h 12) Im (h 21 ])

 h 21 + h 12  2
____________________________________ ,

where z ji , y ji and, h ji hybridtheandadmittance,theimpedance,theare
respectively,transistor,aofparameters configuration.anyfor

_______________

ofusewide-spreadtheforreasonmaintheistheorem)(Mason’sresultremarkableThis† U .
Mason,J.S.See " amplifiersfeedbackingainPower ", TheoryCircuitTrans.IRE CT-1,
(1954).20-25pp.
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HBTjunctionabruptanofmodelSmall-signal

B

RE

CE
α

C
α

B
i

E

REx

E

i
E

RCx

C

i
CCC

RB

CCx

RBx
i

B

∆ Ε V

6Figure frequencyincludingmodel,simplethisofanalysisSmall-signal:
beenhasregimes,diffusiveandballisticbothingainpowertheofdependence

(1993).†LuryiandGrinbergbyoutcarried

_______________

Luryi,S.andGrinbergA.A.† " transistorCoherent ", DevicesElectronTrans.IEEE ED-40,
(1993).1512-1522pp.

Luryi,S.andGrinbergA.A. " transistorsbipolarheterojunctionineffectEarlyDynamic ",
Lett.DeviceElectronIEEE EDL-14 (1993).292-294pp.,

infoundbecanHBTabrupt-junctionofmodel(Ebers-Moll-like)Quasi-static
Luryi,S.andGrinbergA.A. " intransportminorityoftheorythermionic-diffusiontheOn
transistorsbipolarheterostructure ", DevicesElectronTrans.IEEE ED-40 (1993).859-866pp.,
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TRANSISTOR  PRINCIPLES :  FETs  &  PETs

Q

Potential Effect: Control of a cathode work function

δΦ

Φ

V CE

Field Effect: Screening

Q
v

-
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FETs:

Q v

L
I  =

"Biblical" principle:
Q for Q

I  for  I

"Transit time"  limitation :

τ  >  
Q

I

in

out

=
L

v

Q

Q
v

-

L
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PETs
’ ’

δΦ

Φ

V CE

Speed  increases  with  current  until

exponential  law  fails  at  high  currents

PET               FET

τ limited by transit time across

~δΦ δ Q
in

Ι e
− Φ

~
/kT

~τ Ι -1

(space-charge  effect)
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ChannelDimensionalTwo

VG

ne cm[ − 2 ] =
A
C___ V G

sample:3DofConductance

g ≡
dV
dI____ = [ Ne µ ]

L
A___ , Ne µ



 Ω . cm

1_______




sample:2DofConductance

g ≡
dV
dI____ = [ ne µ ]

L
W___ , ne µ



 Ω

1___




L

W v

cube!)awith(contrastsizeitsofindependentsquareaofresistanceNote:
☛ Ω⁄
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theKnowing " squareperresistance "
ne µ
1_____ squares:countsimplycanone

1/3

3

cmA[widthunitperdensityCurrent − 1 ]

J ≡
W
I___ = ven

= en µ F = en µ
L
V___

widthchannelunitperconductance ☛ g = en ⁄µ L mS[ ⁄ ]mm

Transconductance width)unitper(also

g m ≡
∂V G

∂J_____


V D

J = ven

g m =
∂ V G

∂ (en )______ n =
A
C___ v mS[ ⁄ ]mm

MeritofFigure ("FOM"):

g m

C____ =
v
L__ )timedelay(
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analysisdimensionalbyLawsConduction §

thisTakingvelocity.†aofunitsthehasconductivitythesystemCGStheIn
velocitycarriereffectiveanbetovelocity v expressiongenericawritecanwe,

formtheincurrentdiodethefor

I ∝
4π
ε___ Vv

L 2
A___ (bulk),

I ∝
4π
ε___ Vv

L
W___ . (film)

where L length,theis A = D .W andarea,cross-sectionalthe W ofwidththe
permittivityrelativeThediode.the ≡ε ε ε⁄ 0 itbecauseentersmaterialtheof

equation.Poisson’sinpotentialspace-chargethescales

becancoefficient)numericalato(updependencecurrent-voltageactualThe
equationabovethefrom‘‘derived’’ – processconductionthewhenever

scalinguniqueaprovideswhichmechanism,transportdominantainvolves
betweenrelationship v and V .

asscalesvelocitythemotion,electronfreeforThus, v 2 ∝ ( e ⁄ m ) V oneand
Child’scasebulkthefore.g.transport,ballisticforappropriatelawsobtains

electronics:vacuumoflaw

I ζ=
4π
ε___



 m

e___




1⁄2

V 3⁄2

L 2
A___ where =ζ

9
4 √2____ ]Child[

takesaturated,isvelocityelectronwhencasetheFor v = vS .

mobilityconstantofcasetheFor µ asscalesvelocitythe, v µ∝ V ⁄L which,
expressions:followingthetoleads

I ζ= 3 4π
ε___

L 3
µV 2
_____ A where(bulk), ζ3 =

8
9__ Mott[ − ]Gurney

I ζ= 2 4π
ε___

L 2
µV 2
_____ .W (film)

_______________

§ Luryi,S. " blocksbuildingDevice " in2Chap., DevicesSemiconductorHigh-Speed byed.,
57-136.pp.(1990)InterscienceWileySze,M.S.

factordimensionlessthereplacingbyobtainedisunitsinternationalthetoConnection†
4π
ε___

with ε meter.perfaradsin



-24-LuryiSerge
transistorseffectField

characteristicstransistorField-effect

µW/Len

V

Ι

D

Ι

VD

VG1

VG2

VG3
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VG VD

Transistor channel
                    versus thin film diode

VD

Potential diagram
along the channel

pinch−off

 "gated diode"
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effectschannelShort

VD

pinch−off

 

Theshorter.becomeschanneltheleft,movespointoffpinchtheAs
decreasing L Recallconductance)output(finitecurrentincreasingtoleads

bipolarsineffectEarly

Ι

VD

VG1

VG2

VG3

lessthechannel,thetogatethecloserthelength,channelgivenaFor
effectsshort-channeltheareimportant
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structureMOS

EF φ
B

Flatbands

VFB

φ (x)

EF φ
B

Equilibrium

Vbi

1Figure voltageBuilt-in: V bi voltageflatbandand V FB.

identical.notarequantitiesThese

V bi theofsumequalsitequilibrium:indroppotentialelectrostatictheis
oxide.theandsemiconductortheindropspotential

V FB Sincebands.theflattentogatethetoappliedbemustthatvoltagetheis
"voltage" thedifference,†levelFermithemeans V FB indifferencetheequals

metal.theandsemiconductortheoffunctionsworkthe

_______________

inevenexistcanwhichdifference,potentialelectrostatictheasthingsametheNot†
equilibrium.



-28-LuryiSerge
transistorseffectField

EF∆

EF
φ

B VFB

vacuum level

EC

Ei

EV

WM
WS

χ
S

2Figure flatbands.atsystemMOStheinenergiesRelevant:

• W S semiconductortheoffunctionwork:

• W M metaltheoffunctionwork:

• V FB = W S − W M voltagegateflatband:

• χS semiconductortheofaffinityelectron:

• φB ≡ Ei − E F characteristic,dopingbulk: φB = kT (ln N A ⁄ ni .)

W S χ= S + E G − ∆E F

χ= S + (E C − E V) − (E F − E V)
χ= S + E C − E F
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φ = 0
F = 0

φ
s

Fs

φ (x)
F (x)

W

de
pl

et
io

n 
bo

un
da

ry

3Figure structureMOSinbendingbandtheofEvaluation:

equation:Poisson’s φ′′ −=
ε

e (N A − p )__________

p = N A e βφ− ☛ φ′′ −=
ε

eN A_____ 
 1 − e βφ− 

 (1)

trick:aNote φ′′ ≡
dx
d φ′
____ =

dφ
d φ′
____

dx
dφ___ =

dφ
dF___ F =

2
1__

dφ
dF 2
____

☛ dby(1)equationPoisson’smultiply φ integrateand
from x −= ∞ =φ 0 F = 0
to x = surface φ=φ S F = F S

using

0
∫
φS 

 1 − e βφ− 
 d =φ

e
kT___ 

 βφS + e βφ− S − 1


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Exact:

2
1__ F S

2 =
ε
NkT A_______ 

 βφS + e βφ− S − 1



Approximate ( βφS >> i.e.,,1 φS >> kT ⁄e ):

F S
2 =

ε
2 NkT A________ βφS =

ε
2 Ne A_______ φS

approximation:depletiontheinobtainedisresultsameThe

φS =
2 ε

eN A W 2
________ F S =

ε
eN A W_______ where W widthdepletiontheis

φ = 0
F = 0

φ (x)

φ
s

Fs

Fox

Vox

dox

VG

W

φ
B

Ei

4Figure evaluation:voltagegateThreshold:

dopingbulkGiven N A ☛ e φB = kT (ln N A ⁄ ni )

thresholdat φS = 2 φB ☛ F S = √ εS

4 Ne A φB_________

εS F S ε= OX F OX ☛ F OX =
εOX

εS____ √ εS

4 Ne A φB_________

V OX ≡ d OX F OX ☛ V T = e φS + V OX + V FB
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TresholdAbove itself;layerinversiontheofchargetheincludetoneedwe
tobackgousletproblem,mechanicalquantumaisthis

physicssemiconductorbasic

Γ
Λ

L
∆

X

EL
EXEΓ

Esohh

lh

so

Figure Thesemiconductors.cubicofstructurebandtheinpointsextremalImportant.
III-Vdirect-gapaforappropriateisscale)tonot(drawnpictureschematic

are:energiesindicatedthetemperatureroomatGaAsForsemiconductor.
E Γ = 1.42 eV , E L = 1.71 eV , E X = 1.90 eV , E so = 0.34 eV .

theinispointbandconductionlowestthesiliconIn ∆ Xtowaytheof85%direction,
are:K300atsiliconforenergiesindicatedThepoint.

E Γ = 4.08 eV , E L = 1.87 eV , E ∆ = 1.13 eV , E so = 0.04 eV .

thebutLatispointbandconductionlowesttheGeIn Γ away:farnotispoint
E Γ = 0.89 eV , E L = 0.76 eV , E ∆ = 0.96 eV , E so = 0.29 eV .

degenerate/nondegererateBands:
isotropic/anisotropic
parabolic/nonparabolic

thedescribetoconvenientisitpointextremalnondegenerateaofvicinitytheIn
relationdispersion En (k) using tensormasseffectivethe Mn

− 1:

En ( k0 + k) − En (k0) = (h_2⁄2) k . Mn
− 1 . k ≡

2
h_2
___

i , j = 1
Σ
3 

 Mn
− 1 

 ji
ki kj ,

ofcomponentsthewhere Mn
− 1 masselectronfreetheoftermsindownwrittenbecan

periodic(thepotentiallatticetheofparametersand V (x , y , z ) theofcharacteristic
point k0.
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areenergyequalofsurfacestheextremum,bandnondegenerateaofvicinitytheIn
tensorsymmetricThe(1).Eq.fromevidentasellipsoids, Mn

− 1 generally,mosthas,
toassochosenbealwayscanaxescoordinateThecomponents.independentsix

directions:principalellipsoid’sthealongi.e.tensor,thisdiagonalize

Mn
− 1 =





 0

0

1⁄m 1

0

1⁄m 2

0

1⁄m 3

0

0 





.

threeparameters:independentsixbydeterminedisellipsoidenergythegeneral,In
ofvaluesdiagonal Mn

− 1 theHowever,axes.principaltheofdirectionsthreeand
Theconsiderations.symmetrybyreducedoftenbecanparametersofnumber

pointextremaltheofsymmetrythebyuniquelydeterminedissymmetryellipsoid k0.
ofdirectionsprincipaltheofoneaxis,symmetrycrystalaonlocatedextremumanFor

3-fold,ofaxisanislattertheIfaxis.symmetrythewithcoincidesellipsoidenergythe
revolutionofellipsoidanisellipsoidthethensymmetry,6-foldor4-fold,

(m 1 = m 2 ≡ mt , m 3 ≡ ml atintersectsaxissuchonethanmoreIf). k0 thethen,
sphericalbecomesurfacesenergyanddisappearsanisotropyellipsoid

(m 1 = m 2 = m 3 ≡ m theatbandconductiontheinsituationtheisSuch). Γ ofpoint
semiconductors:cubic

E (k ) =
2 m

h_2 k 2
_____ .

low-theandaxesrotation4-foldtheonareminimabandconductionthesiliconIn
alongbeingaxeslongtheirrevolution,ofellipsoidsaresurfacesisoenergeticenergy

<100> existminimalocalSimilarminima.relatedsymmetrysixareTheredirections.
areGeinminimabandconductiontruethebutgermanium,ofbandconductionthein

points.Latlocated

ofvicinitytheinenergyconstantofellipsoidssymmetry-relatedfouronlyareThere
eightasellipsoidsthesepicturetoconvenientisItGe.ofedgebandconductionthe

suitablethroughtranslationsbyfacesoppositeontogetherjoinedhalf-ellipsoids
directiontheinleastiscurvaturebandtheellipsoid,eachInvectors.latticereciprocal

thethatmeansThisdirections.transversetheinhighestandaxisrotationthealong
particularlyisanisotropyThemass.transversethethanheavierismasslongitudinal

Ge,inhigh ml ⁄mt = 20 whereSi,inconsiderablealsoisitbut, ml ⁄mt
∼∼ 5 .

ainmotionelectronicthedescribetoapproachreasonableaisitcases,mostIn
equation.masseffectivethebyfieldelectricuniform
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Figure bandconductiontheofvicinitytheinenergyconstantofSurface.
alongextendedrevolution,ofellipsoidssixrepresentssiliconinedge <100>

(heavydirectionlongitudinaltheinleastiscurvaturebandThedirections.
masseffectiveThemass)(lightdirectiontransversetheinhighestandmass)

ratio ml ⁄mt
∼∼ .5

generalaatthanratherboundaryzonetheatwereSiinedgebandtheIf
theinpoint ∆ (direction ∼∼ threeonlybewouldtherethenX),toward%85

bandconductiontheofboundaryzonethefromawayLocationellipsoids.
localtheandSiinedge ∆ symmetryinversionthetorelatedisGeinminimum

structure.diamondtheof
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Figure edgebandconductiontheofvicinitytheinenergyconstantofSurface:
alongextendedrevolution,ofellipsoidsfourrepresentsgermaniumin <111>

large,veryisratiomasseffectiveThedirections. ml ⁄mt = eachthatso,20
sausage.alikelooksreallyellipsoid

forcellprimitiveachosetohavewouldweellipsoidfullaexhibittoorderIn
eachpicture,zoneBrillouintheIninternal.bewouldpointLsomewhich

thetoshiftedishalfequivalenttheandboundarythebytwoincutisellipsoid
vector.latticereciprocalabyfaceopposite
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structureMOSsiliconainlayerInversion

nexttheonillustratedisstructureMOSsiliconaofcross-sectionschematicThe
Si/SiOthenearband-bendingthewithalongpage 2 aunderinterface

bandtheatdetailmoreinlookusLetbias.gatepositivelargesufficiently
theonlayerinversionanin2DEGtheofstructure {100} surface.

Si/SiOthenearformedwellquantumtriangular)(roughlyaIn 2 interface
thetorespectwithdifferentlyorientedellipsoidsbias,gatepositiveaunder
thespecifyusLetstructure.subbanddifferentquiteatorisegivesurface

actual {100} ellipsoidstwotheinElectronsplane.crystal(100)aassurfaceSi
massheavythepossessdirection[100]inelongated ml in z ananddirection

masslightisotropic mt Theseplane.(100)theinlyingdirectionanyin
denotedareenergiesbottom-edgewhosesubbandsthetorisegiveelectrons

by En (100)theinlieaxeslongitudinalwhoseellipsoids,fourotherThe.
masslightthetocorrespondplane, mt theiranddirection,[100]thein

bydenotedaresubbands En
′.

1withscalelevelsenergyquantum-welltheBecause ⁄m hasone, E 0 < E 0
′ and,

lightisotropicanhavesubbandgroundtheirinelectronsinversion-layertheso
theononlyestablishedbecansubbandshigher-lyingtheoforderThemass.

dependenergiessubbandThecalculations.numericalself-consistentofbasis
temperature,theonalsobutdopingbackgroundtheandfieldtheononlynot

thehence,and,subbandshigher-lyingofpopulationrelativetheaffectswhich
field.self-consistent

_______________

‡ e.g.,planes,crystallographicequivalentNotation: (100), (010) collectivelyareetc.,,
bydenoted {100} reciprocaltheindirections(symmetry-related)equivalentSimilarly,.

e.g.,lattice, [100], [010] theastoreferredcollectivelyareetc.,, <100> direction.
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+ + ++

E0

E1
E0’

E 2

E3

(2)

(4)

(2)

(2)

E1’
E4

Figure inversionanforcalculatedsubbands,lowestseventheoforderThe:
Si-aatlayer {100} withsurface nS = 1012 cm−2 lightly-dopedain

( NA = 1015 cm−3 ) p levelsThetemperature.roomatmaterial-type E 0
′ and E 1

loweratordertheirchangefact,inand,energyincloseare T and/or nS .
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MOSFETainoffPinch

diagrampotentialtheTreatapproximation:channelgradualtheRecall locally
(cross-sectionchannelanyat x betweendifferencevoltagetheignoringby)

groundatnotnotbetochannelthetakingbutdrain,theandsourcethe
atbutvoltage V = V ch (x replacingbyi.e.,,)

☛ V G → V G − V ch (x )

The V ch (x monotonicallyvarieswhichlevel)quasi-Fermi(theimreftheis)
from E F = tosourcethein0 E F = V D drain.thein

EF

VD

EF

EC

pinch off

VG − Vch < VT

imref 
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Imref

‘‘chemicalwithsynonymousisphysicssemiconductorinlevelFermitermThe
bydefinedisitequilibriuminpotential’’;

n =
E 0

∫
∞

gdE (E ) f (E − EF ) ∼∼ N C e( E F − E C ) ⁄ kT ,

where f (E ) = (exp[ E ⁄kT ) + ]1 − 1 approximationtheandfunctionFermitheis
havemayweheresemiconductors;nondegenerateforvalidis

E C = E C (x and) n = n (x potentialchemicalthebut,) E F = const

defined.notislevelFermiofconcepttheflowcurrentaofpresencetheIn

usletHowever, define

n = N C e( E F − E C ) ⁄ kT

where
n = n (x )
E C = E C (x )

☛ E F = E F (x )

toreducesthenequationdiffusiondriftThe

J = e ( n µ F + D ∇∇ n ) ≡ ne ∇∇µ E F

n (x)

E   (x)C

E   (x)F

quasi-Fermi level
( imref )
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Example distinguishtoimrefofuse: "pictorially" transportdifferent
mechanisms.

inconductionofmechanism(Schottky)diffusionversus(Bethe)Thermionic
diodes.Schottky

Bethe

Schottky

Schottky diode (forward bias)

Semiconductor

Metal

☛ theeitherthansmallermuchiscurrentnetthewherelittlevariesImref
areregionsThesecomponents.drifttheordiffusion " inapproximately

equilibrium".


