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PhysicsSemiconductorBasic continued,
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Figure Thesemiconductors.cubicofstructurebandtheinpointsextremalImportant.
Forsemiconductor.III-Vdirect-gapaforappropriateisscale)tonot(drawnpictureschematic

are:energiesindicatedthetemperatureroomatGaAs
E Γ = 1.42 eV , E L = 1.71 eV , E X = 1.90 eV , E so = 0.34 eV .

theinispointbandconductionlowestthesiliconIn ∆ point.Xtowaytheof85%direction,
are:K300atsiliconforenergiesindicatedThe

E Γ = 4.08 eV , E L = 1.87 eV , E ∆ = 1.13 eV , E so = 0.04 eV .

thebutLatispointbandconductionlowesttheGeIn Γ away:farnotispoint
E Γ = 0.89 eV , E L = 0.76 eV , E ∆ = 0.96 eV , E so = 0.29 eV .

degenerate/nondegererateBands:
isotropic/anisotropic
parabolic/nonparabolic

describetoconvenientisitpointextremalnondegenerateaofvicinitytheIn
relationdispersionthe En (k using) tensormasseffectivethe Mn

− 1:

En ( k0 + k) − En (k0) = (h_2⁄2) k . Mn
− 1 . k ≡

2
h_2
___

i , j = 1
Σ
3 

 Mn
− 1 

 ji
ki kj ,

ofcomponentsthewhere Mn
− 1 freetheoftermsindownwrittenbecan

periodic(thepotentiallatticetheofparametersandmasselectron V (x , y , z )
pointtheofcharacteristic k0.
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Concept of holes

1.   k (hole) = - k (missing electron)

hole is an alternate description
of a band with one missing electron

ve

E

k

ke

kh

2.   E  (     )  =  - E   (      )kekhh e

energy counted downwards

vh

vevh3,             =

velocity of hole equals that
of missing electron
(take gradient of the band with
respect to the relevant k vector)

4,             =m - mh e

5. Equation of motion for a hole in electric and magnetic fields
is  that for a positive particle of charge + e

Rules of the game

e

h

Electric field

j e

j h

Figure illustrationholes,ofConcept.
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equalofsurfacestheextremum,bandnondegenerateaofvicinitytheIn
tensorsymmetricThe(1).Eq.fromevidentasellipsoids,areenergy Mn

− 1 has,
alwayscanaxescoordinateThecomponents.independentsixgenerally,most

principalellipsoid’sthealongi.e.tensor,thisdiagonalizetoassochosenbe
directions:

Mn
− 1 =





 0

0

1⁄m 1

0

1⁄m 2

0

1⁄m 3

0

0 





.

parameters:independentsixbydeterminedisellipsoidenergythegeneral,In
ofvaluesdiagonalthree Mn

− 1 axes.principaltheofdirectionsthreeand
symmetrybyreducedoftenbecanparametersofnumbertheHowever,

thebyuniquelydeterminedissymmetryellipsoidTheconsiderations.
pointextremaltheofsymmetry k0 crystalaonlocatedextremumanFor.

coincidesellipsoidenergytheofdirectionsprincipaltheofoneaxis,symmetry
6-foldor4-fold,3-fold,ofaxisanislattertheIfaxis.symmetrythewith

(revolutionofellipsoidanisellipsoidthethensymmetry, m 1 = m 2 ≡ mt ,
m 3 ≡ ml atintersectsaxissuchonethanmoreIf). k0 ellipsoidthethen,

sphericalbecomesurfacesenergyanddisappearsanisotropy
(m 1 = m 2 = m 3 ≡ m theatbandconductiontheinsituationtheisSuch). Γ

semiconductors:cubicofpoint

E (k ) =
2 m

h_2 k 2
_____ .

theandaxesrotation4-foldtheonareminimabandconductionthesiliconIn
axeslongtheirrevolution,ofellipsoidsaresurfacesisoenergeticlow-energy

alongbeing <100> Similarminima.relatedsymmetrysixareTheredirections.
truethebutgermanium,ofbandconductiontheinexistminimalocal

points.LatlocatedareGeinminimabandconduction

theinenergyconstantofellipsoidssymmetry-relatedfouronlyareThere
thesepicturetoconvenientisItGe.ofedgebandconductiontheofvicinity

byfacesoppositeontogetherjoinedhalf-ellipsoidseightasellipsoids
theellipsoid,eachInvectors.latticereciprocalsuitablethroughtranslations

inhighestandaxisrotationthealongdirectiontheinleastiscurvatureband
heavierismasslongitudinalthethatmeansThisdirections.transversethe

Ge,inhighparticularlyisanisotropyThemass.transversethethan
ml ⁄mt = whereSi,inconsiderablealsoisitbut,20 ml ⁄mt

∼∼ .5
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Figure bandconductiontheofvicinitytheinenergyconstantofSurface.
alongextendedrevolution,ofellipsoidssixrepresentssiliconinedge <100>

(heavydirectionlongitudinaltheinleastiscurvaturebandThedirections.
masseffectiveThemass)(lightdirectiontransversetheinhighestandmass)

ratio ml ⁄mt
∼∼ .5

generalaatthanratherboundaryzonetheatwereSiinedgebandtheIf
theinpoint ∆ (direction ∼∼ threeonlybewouldtherethenX),toward%85

bandconductiontheofboundaryzonethefromawayLocationellipsoids.
localtheandSiinedge ∆ symmetryinversionthetorelatedisGeinminimum

structure.diamondtheof
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Figure edgebandconductiontheofvicinitytheinenergyconstantofSurface:
alongextendedrevolution,ofellipsoidsfourrepresentsgermaniumin <111>

large,veryisratiomasseffectiveThedirections. ml ⁄mt = eachthatso,20
sausage.alikelooksreallyellipsoid

forcellprimitiveachosetohavewouldweellipsoidfullaexhibittoorderIn
eachpicture,zoneBrillouintheIninternal.bewouldpointLsomewhich

thetoshiftedishalfequivalenttheandboundarythebytwoincutisellipsoid
vector.latticereciprocalabyfaceopposite
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FieldElectricExternalinElectronsBand .

bandisotropicnondegenerateatobelonginginitiallyelectronanFor n and
anorimpurityanto(duefieldelectricvaryingslowlyorstaticatosubject

i h
_

∂t
∂ψ___ = H ψ , H =

2m 0

p2
_____ + V (r) − Ue (r , t ,)

simpleatoreduces "effective-mass" equation

i h
_

∂t
∂Φ____ = H̃ Φ , H̃ =

2m
p2
____ − Ue (r , t ,)

functiontime)andspacein(bothvaryingslowlyafor Φ thecalled, envelope
function massofquasi-particleadescribes(5)Equation. m theinmoving

effectivetheispotentialperiodictheofremnantonlyTheonly.fieldexternal
mass m ofisapproximationmasseffectiveinfunctionwavecompleteThe.

formthe

ψ (r , t ) Φ= (r , t ) ψn k0
(r , t ) Φ= (r , t e) i k0

. r un k0
(r e) − i E 0 t ⁄h_ ,

where E 0 = E (k0 functionBlochband-edgetherepresentsfunctionThis).
functionenvelopelarge-scaleabymodulated Φ.

(fieldexternalanofabsencetheIn U → must(6)functionwavefullthe)0
planeabecomestherefore,function,envelopetheandformBlochtheassume

wave, →Φ (i[exp k . r − ε t ⁄h_ where,]) ε (k) = E (k) − E 0 externaltheIf.
varying,slowandsmoothsufficientlyarefields

________________________________________________________________________

Smooth constantlatticetheorderofdistancesoverlittlevarytheymeans a and
slow thanlowermuchistimewithvariationtheiroffrequencythemeans
∆E ⁄h_ where, ∆E samethefor(i.e.verticaltheis k0 betweenseparation)

bands.nearest

________________________________________________________________________

mainitsgetwillfunctionwavetrueaofexpansionplane-wavethethen
wavevectorssmallfromcontribution k ofvicinitythein, k0 thisisIt.

topermitswhichvariationscharacteristicofscalelengththeindifference
factor ψ thewherefunctions,envelopetheandBlochtheofproductainto

thedescribeslattertheandpotentialperiodicthebyonlydeterminedisformer
potential.externaltheofeffectentire
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(a)

(b)

(c)

Figure functions.waveenvelopeandBlochtheofillustrationSchematic:

(a functionBloch) u (r at) k0 = cell.unitcrystalthewithinrapidlyvaries0

(b functionEnvelope) F (r scale.cellunittheonlittlevaries)

(c functionwaveComplete) ψ (r masseffectivetheinelectronlocalizedaof)
approximation.



----

-8-2Lect

fieldelectricuniformaofpresencetheIn aneedsmethodmasseffectivethe
Schrotime-dependentexactTheclarification. .. equation,dinger

ih_
∂t
∂ψ___ = H ψ , H = H 0 + e F . r ,

where H 0 = p 2⁄m 0 + V (r theinwrittenbecanhamiltonian,crystaltheis)
expandwethis,doTorepresentation.momentumcrystal ψ (r , t ain)

states:Blochofsetcomplete

ψ (r , t ) =
n k
Σ Bn (k , t ) ψn k (r ,)

where

ψn k (r) = e i k . r un k (r)

hamiltonianunperturbedtheofeigenfunctionsare H 0 Coefficients. Bn (k , t )
function.wavetime-dependenttheofrepresentationcrystal-momentumaform

difficulties,conceptualtwofacewefieldelectricuniformaofpresencetheIn
FirstFigure.theinillustratedphenomenathewithassociated "difficulty" is

aacquireedgebandthenearStatestransitions.interbandwithassociated
ofpossibilitytheduelifetimefinite tunneling ideaThebandgap.theacross

strongaininsulatoranofgapforbiddenthethroughtunnelcanelectronsthat
calledisphenomenontheand(1934)Zenerbysuggestedfirstwasfieldelectric

arequirestunnelingZenerofdescriptionTheoreticaltunneling.Zenerthe
resultsItbands.valenceandconductionthebothofstatesincludesthatmodel
electricmoderatehowever,edges;bandsharptheofbroadeningslightain

fields, F <∼ 106 much.toostructurebandthechangenotdoV/cm,

transitionsinterbandofabsencetheIn findsone

Bn (k , t ) = Bn ( k − eFt ⁄h_ )0,

dt
d h

_k_____ = e F

k ismotionelectronthehenceandtimeinlinearlyvaries periodic awith
frequency

f = eF ⁄h_ .b
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allowed

forbidden

eaF

I
a

I/eF

EV

EC

(a)

(b)

Figure field.electricuniformainelectronsbandofillustrationSchematic.

(a breakbandsenergyallowedthesuppressed,aretransitionsinterbandIf)
(ainto "Stark" (spacedequallyofladder) "Wannier" thisobserveTolevels.)

belevelsadjacentbetweenseparationenergythethatnecessaryitphenomenon
broadeningtheirthanlarger h_⁄τ thethatequivalently,or,scatteringtodue

timescattering τ traversetoelectronanfornecessarytimethethanlongerbe
butIII)(Chap.superlatticesinmetbecanrequirementThisband.allowedthe

solids.realinhardly

(b theinholeabehindleavingbandgap,theacrosstunnelcanElectrons)
ofenvelopeThetunneling.ZenerthecalledisphenomenonThisband.valence

rapidlywhilebandforbiddentheindecaysexponentiallyfunctionwavea
orderoffieldsattainableexperimentallyInbands.allowedtheinoscillating

106 slightlyarebandsforbiddenandallowedtheofedgestheonlyV/cm
orderofamountanbyfield,thebybroadened m − 1⁄3 (eF h

_)2⁄3.
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kx

||k

F⊥k

ky

Figure fieldelectricaninelectronsBand. F wavevectorthethatsomove k|| is
fieldthetoparallellinestraightaalongvarying F BrillouinthecrossingOn.

wave-vectortheboundary,zone k|| (t onpointequivalenttheatre-emerges)
direction.sametheinvariationitscontinuesandzonetheofsideoppositethe

If F oscillatoryanperformelectronsvector,latticereciprocalatoparallelis
segmentthealongmotion ∆k|| Zeneroccasionalantosubjectline),(dashed

velocityelectronthetunneling,ofabsencetheInband.anotherintotunneling
ofdirectiontheincomponent F Ifcrossing.everyatsignchanges F notis

aperiodic.ismotionthevector,latticereciprocalawithaligned
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ofordertheofiscycleoneduringtravelselectrondistanceThe I ⁄eF (where I
Thismoving).iselectronthewhichinbandallowedtheofwidththeis

withfunctionsofbuiltisfunction,wavethethatindicates k runningvectors
levelsenergytheforbidden,istunnelinginterbandIfband.entirethethrough

periodic.ismotionclassicalthewhenexpectedbecanasquantized,bewill

equallylevels,Wannierthecalledlevels,energydiscreteintobreaksbandThe
intervalsenergythebyspaced eaF waveatocorrespondslevelstheofEach.

ofdirectiontheinextendingandsiteparticularaoncenteredfunction, FF
approximatelyover I ⁄eaF theofconsequencesareassertionsThesesites.lattice

thebyhamiltonianthechangesperiodlatticeonebytranslationathatfact
amountconstant eaF .

asproblemssuchtoappliedbecanmethodmasseffectivetheNevertheless,
periodicThecontradiction.awithoutsemiconductorsinconductivityelectric

theinobservedbeenneverhaselectronsofreflectionBraggthetoduemotion
forreasonTheeffect.ansuchdetectingatattemptsmanydespitecrystal,bulk

limitedtheismethodmasseffectivetheofgracesavingtheandfailurethis
withouttravelcanelectronsthattimeshortand collisions acceleratedanAs.

processes,collisionrapidveryband,theinhigherandhighermoveselectron
(emissionphononopticallike τ ∼∼ 10 − 13 ionizationimpactandsec)

(τ ∼∼ 10 − 14 ofbottomthetobackelectronenergeticthereturnandinsetsec),
traverseselectronanthatprobabilitythefields,highesttheatEvenband.the

becanandlowveryisreflectionBraggasuffersandzoneBrillouinentirethe
indifferentissituationThestudies.transportinneglected superlattices where

short.arezoneBrillouintheofdimensionstheandlargeisperiodlatticethe

inmotionelectronicthedescribetoapproachreasonableaisitcases,mostIn
equation.masseffectivethebyfieldelectricuniforma
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levelFermitheandstatesofDensity

inparticlesingleaofspacephaseThe d hasIt-dimensions. 2d tocorrespondingaxes,
d andcoordinates d quantumoftenetbasictheisIt20.Fig.particle,theofmomenta

hyper-volumeathatstatistics V (d ) hypercubea(say, V (d ) = L d P d spacephasethein)
contains N spin-aforwherestates,distinct

2
1__ particle

N =
(2πh_)d
2 V (d )
_______ .

hyper-aForspin.differentofstatesfromcomesnumeratorthein2offactorThe
radiusofsphere R equalshyper-volumethe, R d πd ⁄2⁄Γ (1 + d ⁄2) .

COORDINATES

M
O

M
E

N
T

A

Figure Hypervolume: L d P d containsspacephasethein N volumeofcells (2πh_)d

states.electronicmanyastwiceand semiconductorsIn butsimilar,issituationthe
itswithdealsonemomentumelectronofinstead momentumcrystal abovetheand

isstatesofnumber bandeachper .

E (  )k1

E (  )k2

E (  )k3

E (  )k4

Pseudo-momentum

E
ne

rg
y
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isotropic,isrelationenergy-dispersionthegas,electronfreeaFor E = p 2⁄2m ,
shellsenergysphericalinstatesofcountingsimpleaallowswhich

dE = (2E ⁄m )1⁄2 dp :

1D: dN =
2πh

_
2 dpL______ =



 πh_ √2E

√m_______




dEL ;

2D: dN =
(2πh_)2

2L 2 2π dpp___________ =


 πh_2

m____




L 2 dE ;

3D: dN =
(2πh_)3

2L 3 4πp 2 dp___________ =


 2π2h_3

(2m )3⁄2 √E__________




L 3 .dE

statesofdensitytheisbracketstheinquantitytheequations,theseIn
g (E ) ≡ dN ⁄dE gas).electrontheofvolumeorarealength,unit(per

forunitsConvenient g (E cm[are) −d eV−1 theillustratesFigure]. g (E )
gases.free-electrondimensional3and2,1,forfunction
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Figure: units:differentinmeasuredisplotsthreetheseinstatesofdensityThe
g eV[ − 1cm − d ].

‘‘chemicalwithsynonymousisphysicssemiconductorinlevelFermitermThe
bydefinedisitpotential’’;

n =
E 0

∫
∞

gdE (E ) f (E − EF ,)

where f (E ) = (exp[ E ⁄kT ) + ]1 − 1 function.Fermitheis
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structureMOSsiliconainlayerInversion

nexttheonillustratedisstructureMOSsiliconaofcross-sectionschematicThe
Si/SiOthenearband-bendingthewithalongpage 2 aunderinterface

bandtheatdetailmoreinlookusLetbias.gatepositivelargesufficiently
theonlayerinversionanin2DEGtheofstructure {100} surface.

Si/SiOthenearformedwellquantumtriangular)(roughlyaIn 2 interface
thetorespectwithdifferentlyorientedellipsoidsbias,gatepositiveaunder
thespecifyusLetstructure.subbanddifferentquiteatorisegivesurface

actual {100} ellipsoidstwotheinElectronsplane.crystal(100)aassurfaceSi
massheavythepossessdirection[100]inelongated ml in z ananddirection

masslightisotropic mt Theseplane.(100)theinlyingdirectionanyin
denotedareenergiesbottom-edgewhosesubbandsthetorisegiveelectrons

by En (100)theinlieaxeslongitudinalwhoseellipsoids,fourotherThe.
masslightthetocorrespondplane, mt theiranddirection,[100]thein

bydenotedaresubbands En
′.

1withscalelevelsenergyquantum-welltheBecause ⁄m hasone, E 0 < E 0
′ and,

lightisotropicanhavesubbandgroundtheirinelectronsinversion-layertheso
theononlyestablishedbecansubbandshigher-lyingtheoforderThemass.

dependenergiessubbandThecalculations.numericalself-consistentofbasis
temperature,theonalsobutdopingbackgroundtheandfieldtheononlynot

thehence,and,subbandshigher-lyingofpopulationrelativetheaffectswhich
field.self-consistent

_______________

‡ e.g.,planes,crystallographicequivalentNotation: (100), (010) collectivelyareetc.,,
bydenoted {100} reciprocaltheindirections(symmetry-related)equivalentSimilarly,.

e.g.,lattice, [100], [010] theastoreferredcollectivelyareetc.,, <100> direction.
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+ + ++

E0

E1
E0’

E 2

E3

(2)

(4)

(2)

(2)

E1’
E4

Figure inversionanforcalculatedsubbands,lowestseventheoforderThe:
Si-aatlayer {100} withsurface nS = 1012 cm−2 lightly-dopedain

( NA = 1015 cm−3 ) p levelsThetemperature.roomatmaterial-type E 0
′ and E 1

loweratordertheirchangefact,inand,energyincloseare T and/or nS .


