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ABSTRACT
Wepresentatechniquefor reliablyestimatingthe3-Ddirec-
tion cosinesof abroadbandtravelingwave impingingonan
arrayof four sensorsof dimensionssmallerthantheshortest
wavelengthin thesource.Gradientflow convertsobserved
mixturesof delayedsourcesignalsinto instantaneouslinear
mixturesof their temporalderivativesthroughobservation
of spatialgradientsof thefield. This formulationis equiv-
alentto independentcomponentanalysis(ICA), wherethe
mixing matrixdirectlyyieldsthedirectioncosines.Experi-
mentswith acousticdatafrom amicrophonearrayshow im-
provedbearingaccuracy throughsecondorderblind iden-
tification (SOBI) of non-stationarynoisefrom interfering
sources,alongwith thesignal.

1. INTRODUCTION

Formulatingsourcelocalizationalgorithmsthatperformro-
bustly with sub-wavelengthdimensionsof thesensorarray
is a challengingproblemintroducedby miniaturizationof
integratedsensors.It is well known that the precisionof
delay-basedbearingestimationdegradeswith shrinkingdi-
mensions(aperture)of thesensorarray[1]. Classicaltime-
differenceof arrivalestimationtechniques[2] basedoncross-
correlationof the signalsrequirehigh oversamplingratios
for estimatingsmalltimedelays.

Gradientflow [3] avoidstheproblemof estimatingsmall
timedelaysbetweensensorobservationsby relatingampli-
tudesof spatialandtemporalgradientsin thesignalacross
the sensorarray, or equivalently resolve termsin a Taylor
expansionof thefield [4]. Theideaof wavefrontsensingin
spacefor localizingsoundwasfirst introducedby Blumlein
in the1930s[5].

Section2 presentsthegradientflow approachfor blind
separationand localization of multiple sources. In Sec-
tion 3, we show that theproblemof estimatingtime-delays
simplifiesto least-squareproblemin thecaseof onesource.
Section4describessecond-orderblind identification(SOBI)
algorithm[6, 7, 8] usedfor localizationin thecaseof mul-
tiple sourceandhow the assumptionsof the algorithmare
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metin theobtainedmodel.In Section5 wecomparetheper-
formanceof least-mean-square(LMS) andSOBIalgorithm
for thecaseof onebandlimitedGaussiansourcesignal.

2. GRADIENT FLOW LOCALIZATION

A traveling wave emittedby a sourceis observed over a
distribution of sensorsin space,which herewe considerto
bediscretebut which couldbecontinuous.We define�������
as the time lag betweenthe wavefront at point � and the
wavefront at the centerof the array, i.e., the propagation
time �����	� is referencedto thecenterof thearray.

ForanintegratedMEMSorVLSI arraywith dimensions
typically smallerthan1 cm, thedistancefrom thesourceis
muchlargerthanthedimensionsof thesensorarray, andthe
far-field approximationis a sensibleapproximation.In the
far field, the wavefront delay ���
��� is approximatelylinear
in theprojectionof � on theunit vector � pointingtowards
thesource,

�����	��
��������� (1)

where
�

is thespeedof (acousticor electromagnetic)wave
propagation.

Let ����������� bethesignalpickedupbyasensoratposition� . As onespecialcasewe will considera two-dimensional
arrayof sensors,with positioncoordinates� and � so that����� = � �	!#"$�%�'& with orthogonalvectors�	! and �'& in the
sensorplane. In the far-field approximation(1), thesensor
observationsof the sourceareadvancedin time by �(���*)����!�"+�,��& , where

�-!.) �� �	!��%�
�%&/) �� �'&��%� (2)

aretheinter-timedifferences(ITD) of sourcebetweenadja-
centsensorsonthegrid alongthe � and � placecoordinates,
respectively. Knowledgeof the angle coordinates� ! and� & uniquelydetermines,through(2), thedirectionvector �
alongwhich sourceimpingesthearray, in referenceto the0 �1�'�32 plane.



Thesignalobservedat sensorwith positioncoordinates� and � canbeexpressedas
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whereC ��� �5��� representadditivenoisein thesensorobserva-
tions.A gradientflow formulationis obtainedby evaluating
spatialgradientsof � ��� alongthe � and � positioncoordi-
nates,aroundtheorigin �E)F�G)$H :
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where W JML are the correspondingspatialderivativesof the
sensornoise C ��� aroundthe center. Taking spatialderiva-
tives

I J?L
of orderZ["=\^]`_ , anddifferentiating

I JML
to order_bac�?ZG"d\e� in time yieldsa numberof differentlinearob-

servationsin the _ th-ordertimederivativesof thesignals: .As anexample,considerthefirst-ordercase_f) � , cor-
respondingto (3):I T,T �?���g) 7 :
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Taking the time derivative of
I T,T , we thusobtainfrom the

sensorsalinearinstantaneousmixtureof thetime-differentiated
sourcesignals,
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anequationin thestandardform kd)ml^no"hp , where k is
givenandthemixing matrix l andsourcesn areunknown.
Undertheassumptionsthat thesourcesignalsareindepen-
dent,this formulationis equivalentto standardindependent
componentanalysis(ICA), andanumberof approachesex-
ist for solving this problem[9]. ICA produces,at best,an
estimateqn thatrecoverstheoriginalsourcesn upto arbitrary
scalingandpermutation.Thedirectioncosines� 7J arefound
from the ICA estimateof l , after first normalizingeach
column(i.e., , eachsourceestimate)sothatthefirst row of
the estimate ql , like the real l accordingto (6), contains
all ones.Thissimpleproceduretogetherwith (2) yieldses-
timatesof the direction vectors q� 7 along with the source
estimatesq:

7 �5��� , whichareobtainedby integratingthecom-
ponentsof qn over timeandremoving theDC components.

Theproposedgradientflow techniquerequirescompu-
tationof temporalderivativeandfirst-orderspatialgradients
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Fig. 1. Geometryof a planar four sensorarray

along� and � directionsof thesignalimpingingon thesen-
sor array. Estimatesof

I T,T , I ! T and
I T ! are obtainedby

finite-differencegradientapproximationon a grid (precise
up to termsat leastof third order),usinga planararrayof
four sensors,illustratedin Figure1:I T,T 
 !u ��v !xw T "=� !xw T "=� T w v ! "=� T w !I ! T 
 !& ��!xw T a=� v !xw T (7)I T ! 
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3. SINGLE SOURCE LOCALIZATION

In thecaseof onedirectionalsource,theequation(6) sim-
plifies to
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andtheproblemof estimatingtimedelaysconvertsto stan-
dardleast-squareproblemin theunknowndelays�-! and�%& ,
with estimates
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From least-squareestimatesof the time delays,we candi-
rectlyobtainestimatesof azimuthangle� andelevationan-
gle � angleaccordingto (2):

� ! ) � �1� � ! �<�,�M���4�,�M���
� & ) � �1� � & �<�'���<�<�,�M�f� (10)



An interestingobservation is that the estimateof azimuth
angleis independentof the speedof soundas it involves
spatialgradientsonly; estimationof theelevationangleon
the other handrequiresknowledgeof the speedof sound
in relatingspatialand temporalderivatives. The estimate
of azimuthanglecanbe obtainedsimply from the ratio of
delayestimatesq�-! and q�%& :

q��)c� | �'�j���
q�-!q� & (11)

or by finding thenull of theexpression
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4. MULTIPLE SOURCE LOCALIZATION

TheICA algorithmwe have chosento implementfor sepa-
ration andlocalizationof multiple sourcesis second-order
blind identification(SOBI) algorithm[6, 7, 8]. SOBI deals
effectively with non-stationaryandevenGaussianstatistics
for sourcesandnoisein the ICA model(6). Theunknown
sourcesaretemporalderivativesof impingingsignals,lead-
ing to temporalstructuralinformationof sourcesthathave
to beseparated.Thenoisesignalsin theICA modelcanbe
expandedto sensornoisetermanddispersiveambientnoise
term.Thesensornoisecontributionsare

>W�� TjT ) !u >� v ! T " >� ! T " >� T v !�" >� T !
W ��! T ) !& � ! T a � v ! T (13)

W�� T !O) !& � T !�a � T v !
where� ! T , � v ! T , � T ! and � T v ! representsensornoiseatcor-
respondingsensors.Sincethecross-correlationof thesignal
andits derivativeis zeroandundertheassumptionthatsen-
sorsnoiseis uncorrelatedacrossthesensorarray, thesensor
noisecontribution in ICA modelbecomesspatiallywhite.
Thedispersenoisecovariancematrix,undertheassumption
that correlationbetweensignalscomingfrom differentdi-
rectionsis zero,alsobecomesdiagonal,leadingto diagonal
covariancematrixof completenoisein observations.

TheSOBI algorithmis basedon a joint diagonalization
of a set of covariancematricesobtainedat different time
lags. Thecovariancematrix of observationsignalsat time
lag � is

��� �5���1) yfz k�����"=����ke������� { )�l �#� �5����l���"h�A�?��� &(� �
(14)

wherewe usedthe assumptionthat noiseterm is spatially
white. After estimatingthe covariancematricesat differ-
ent time lagsandsubtractingtheestimatednoisecontribu-
tions,by jointly diagonalizingtheobtainedsetof matrices
the mixing matrix l is estimated. The time delayshave
to be chosenin sucha way that covariancematricescarry
maximallydifferentinformation.
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Fig. 2. Meanvalueof estimatedangleusingLMSandSOBI
asbearingangleis sweptfromfrom a � H�½ to � H�½ .

The useof only second-orderstatisticsmakes the al-
gorithmmorerobust thanhigher-orderstatisticsICA algo-
rithms. It alsoallows separationof Gaussiansources.By
observingthe equation(9), we cannotice that LMS solu-
tion representsaspecialcaseof SOBI,asonly a covariance
matrixof zerotime lag is usedfor bearingestimation.

5. EXPERIMENTAL SETUP AND RESULTS

To quantify the performanceof gradientflow bearingesti-
mation,theexperimentalsetupwith onedirectionalsource
in open-fieldenvironmentwasused.Theeffective distance
betweenmicrophonesin theplanararrayof foursensorswas
15.87cm. The soundsourcewasbandlimited(20-300Hz)
Gaussiansignalpresentedthrougha loudspeaker. Datawas
sampledat2048samplesperseconds.Thedistancebetween
loudspeaker and microphonearray was approximately18
m. Signal-to-noise(SNR)ratio wasaround25-30dB. The
experimentswereperformedfor bearinganglesfrom a � H�½to � H ½ in incrementsof � ½ . Thedatawasplayedfor 30sec-
ondsandthebearingestimateswereobtainedfor 1 second
data.

For a localizationof asinglesource,simpleexpressions
can be obtainedfor the Cramer-Rao lower boundon the
varianceof bearingangle,assumingGaussianunivariatedis-
tributionsfor thesourceandnoisecomponents[10]. In this
experimentalsetup,the Cramer-Raoboundwas around1
degree. The assumptionof uncorrelatednoiseis violated
for subwavelengthsensorgeometries,andgradientflow ex-
ploits correlatednoiseandtemporaldependenciesto obtain
superiorbearingaccuracies.

Beforebearingestimationof directioncosinesusingtem-
poral and spatialgradients,commonmodeoffset correc-
tion is performedon theestimatedspatialgradients.Com-
mon modeoffsetsarisefrom gain mismatcherrorsin the
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Fig. 3. Standard deviation of estimatedangleusingLMS
andSOBIasbearingangleis sweptfromfrom a � H�½ to � H�½ .
sensors.Sincethe correlationbetweenany signaland its
time-derivative is zero, the correlationbetweencommon-
modeandgradientvariableis alsozero. Therefore,using
only second-orderstatistics,we canestimatetheleakageof
common-modecomponentin gradientestimatesandcom-
pensatefor it.

Theestimatesof bearinganglewereobtainedwith both
LMS andSOBI.Themeanof estimatorsfor bearingangles
from a � H�½ to � H�½ is shown in Figure2, andthe standard
deviation is shown in Figure3. As expected,theestimators
obtainedusingICA algorithmhave smallerbiaserror and
varianceachieving sub-degreeaccuracy.

In Figure4 weshow thefrequency characteristicsof the
estimatedsourcesignalsobtainedwith SOBIfor onesecond
of dataandonebearingangle.Sincewehavethreeobserva-
tionsin ourICA model,wecanestimateupto threesources.
Thefirst estimatedsourceis the temporalderivative of the
bandlimited(20-300Hz)Gaussiansignalpresentedthrough
the loudspeaker, while thesecondandthird, muchsmaller
in amplitude,representsomeinterferingbackgrounddirec-
tionalsources,or wind noise.

6. CONCLUSION

Gradientflow offersa framework in which ICA canbeap-
plied directly to bearingestimation.We obtainedimprove-
mentsin accuracy by modelingsignal,noiseand interfer-
enceusingsecond-ordertemporaldecorrelationsin theSOBI
ICA framework, exploiting non-stationarityin the signal
andinterferingnoisesources.Experimentalresultsdemon-
strateangularresolutionsbetterthanpredictedby theCramer-
Rao lower boundfor maximum-likelihood estimationas-
sumingstationaryuncorrelatedGaussiannoisecomponents
[10].
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SOBIalgorithmfor onesecondof dataandonebearingan-
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